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Abstract 

The indefinite Sturm-Liouville operator A = (sgnx)(—d 2 /dx 2 + q(x)) is studied. It is 
proved that similarity of A to a selfadjoint operator is equivalent to integral estimates of 
p ' Cauchy integrals. Also similarity conditions in terms of Weyl functions are given. For 

■ operators with a finite-zone potential, the components A ess and Adi SC of A corresponding 

(■h , to essential and discrete spectrums, respectively, are considered. A criterion of similarity 

of A ess to a selfadjoint operator is given in terms of Weyl functions for the Sturm-Liouville 
operator —d 2 /dx 2 + q{x) with a finite-zone potential q. Jordan structure of the operator 
Afasc is described. We present an example of the operator A = (sgnx)(—d 2 /dx 2 + q(x)) 
such that A is nondefinitizable and A is similar to a normal operator. 
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1 Introduction 
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The main object of the paper is a nonself adjoint indefinite Sturm-Liouville operator 



( d 2 \ 

• i-h ! A = (sgnx) I — — + q(x) ) =: JL, dom A = domL, (1.1) 

^ . V dx 1 I 

where J : / — > sgnx ■ /(■) and L := — + q(x) is a selfadjoint Sturm-Liouville operator on 
L 2 (R) with a real continuous potential g(-). Differential operators with indefinite weights have 
intensively been investigated during two last decades (see [2H H EHl El CHI EH EH I2E 113 
|Snj[33 ). The operator (jl.lj) on a finite interval subject to selfadjoint boundary conditions has 
discrete spectrum. The Riesz basis property of Dirichlet and other boundary value problem for 
Sturm-Liouville operators with indefinite weights has been investigated in (2^1 IH E21 IEH1 IHO] • 
In general, the operator (jl.lj) considered on L 2 (IR) has continuous spectrum. In this case in 
place of the Riesz basis property one considers the property of similarity either to a normal or 
to a selfadjoint operator. 

*The Institute of Applied Mathematics and Mechanics, Donetsk, Ukraine. E-mail:karabashi@mail.ru, 
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Let us recall that two closed operators T\ and T2 in a Hilbert space are called similar if 
there exist bounded operator V with the bounded inverse V~ x in f) such that V A dom(T 1 ) = 
dom(T 2 ) and T 2 = VT X V~ X . 

Using the Krein-Langer technique of definitizable operators in Krein spaces Curgus and 
Langer [7j have obtained the first result in this direction. In particular, their result yields 
that the J-self adjoint operator (jl.lj) is similar to a self adjoint operator if L is a uniformly 
positive operator (i.e., L > 5 > 0). Similarity of the operator (sgnx)-^ to selfadjoint one 
was proved by Curgus and Najman [S]. Later on, one of the authors [3U1 |2H] reproved this 
result using another approach. More precisely, using the resolvent criterion of similarity to 
a selfadjoint operator (33 HUj (see also Theorem 13.121 below) he proved in (SHI EH] that the 
operator A = (sgnx) ■ p(— is similar to a selfadjoint operator if and only if the polynomial 
p is nonnegative. 

Further, Faddeev and Shterenberg investigated operator (jl.lj) with decaying potential. 
They shown, that A is similar to a selfadjoint operator if L > and f R (l + x 2 )\q(x)\dx < 00. 

The paper under consideration consists of two parts. In the first part we investigate the 
operator A assuming only that q(-) is continuous. We investigate this operator in the framework 
of extension theory considering it as a (nonselfadjoint) extension of the minimal symmetric 
operator 

A m i n = A min © A min = L min © (— L min ), 

where £ min and £ min are minimal Sturm-Liouville operators generated by the differential expres- 
sion L in L 2 (M + ) and L 2 (M_), respectively. Here domL^ in := {/ E domL : P±f E domL}, 
where P± is the orthoprojection in L 2 (R) onto L 2 (R±). 

With operators L^ in one associates the Weyl functions m ± (A) corresponding to the exten- 
sions L% of L± n , domL± = {/ E domL : f (±0) = 0}. 

We obtain necessary and sufficient conditions of similarity in terms of the Weyl functions 
M + (A) := m + (A) and M_(A) = — m_(A). Note, that M± are R-functions (Nevanlinna-Herglotz 
functions), hence the limit values M±(x) := M±(x + iO) exist a.e. on R. 

It is worth to note that the similarity problem for the operator A gives rise to two weight 
estimates for the Hilbert transform in L 2 (M). If fact, we show that the following estimate 

/Im M+ (t) + Im Mi (t) , ■ , . . , . . , , , , . , 2 f , ,,,,, 

\M%)-M TtW L \9 ± m' a c±(t) + (H(g ± -dE ± )(t)\ 2 dt<K 1 J \<?{t)\ 2 dE ± (t), (1.2) 

R 

(see Theorem 15. 2j) gives two necessary conditions for the operator A to be similar to a selfadjoint 
operator. 

We conjecture that, under the assumption adi SC (A) = 0, these estimates are also sufficient 
for similarity to a selfadjoint operator. 

We show that the condition (jl.2j) yields the following necessary condition for similarity 

- L , f —^^.—dt) ■ ( —1— [ lmM ± (t)dt) < C, (1.3) 

\i n e ± \ Jj \M + (t) - M4t)\ 2 J \\inE±\J x ±w ; 1 ; 

where X(c M) is any interval, E 1 -!- stand for the topological supports of ImM±, E± = supp(M-i-), 
and C does not depend on X. 

In turn, (jl.3j) implies the following weaker (and simpler) necessary condition of similarity 

ImAf+W + ImM-M 6 L-(R). (1.4) 
M+(t)-M_(t) V ; V ; 
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Moreover, we show that the stronger condition 

|M + (A) + M_(A)| 

SU P ; f , 77 TT^I < 00 (1-5) 

AeC + |M+(A)-M_(A)| V ; 

is sufficient for similarity to a selfadjoint operator. 

The second part of the paper is devoted to the spectral analysis of the operator with 
a finite- zone potential q(-). 

Recall that a quasiperiodic (in particular, periodic) potential q(-) = q(-) is called a finite- 
zone potential if the spectrum a(L) of the operator L has a finite number of bands (equivalently, 
the resolvent set p(L) has a finite number of gaps = forbidden zones). 

We show that the operator A = (sgnx) (^—-£2 + Q( x )j with a finite-zone potential q has a 

finite number of complex eigenvalues, and A has no (embedding) eigenvalues on the essential 
spectrum a ess (A), that is a p (A)r\a ess (A) = (equivalently, the essential spectrum of A coincides 
with purely continuous spectrum). Moreover, we show that the operator A admits the following 
direct sum decomposition: 

A — A ■■ 4-4 

where A ess is a part of the operator A corresponding to essential spectrum a ess (A) of A. 

We summarize our main results (Theorem 17.21 and Corollary I7.4j) as follows: 

If the potential q is finite- zone, then the part A ess of the operator A is similar to a selfadjoint 
operator if and only if condition ()1.4j) is satisfied. Moreover, in this case A ess is similar to a 
selfadjoint operator with absolutely continuous spectrum. 

The main results of the paper have been announced in our short communication [33J. 

Notations. 

Throughout the paper we use the following notation. Let T be a linear operator in a 
Hilbert space S). In what follows dom(T), ker(T), ran(T) are the domain, kernel, range of 
T, respectively. By LatT we denote the set of invariant subspaces of a linear operator T. 
span{/i, / 2 , . . . } is the closed linear hull of vectors fx, f%, .... We denote by <r(T) the spec- 
trum of T. The discrete spectrum cr^ isc {T) is the set of isolated eigenvalues of finite algebraic 
multiplicity; the essential spectrum is defined by a ess {T) := er(T) \ o- disc (T); o~ p {T) stands for 
the set of eigenvalues; p(T) is the resolvent set of T; R T (A) is the resolvent of T, 

R T (\):=(T-\I)-\ \ep(T). 

The continuous spectrum is defined by 



a c (T) := {A G C \ a p (T) : ran(T - A) ^ ran(T - A) = ft }. 

Let a ac {T) and cr s (T) denote the absolutely continuous and singular spectra of a selfadjoint 
operator T (see, for example, |T]). 

Let X be an interval in K. Let gE be a Borel measure on X. L 2 (I, dE) is the Hilbert space 
of measurable functions / on X which satisfy f x |/| 2 <iS < 00. If X or dH is fixed, we will write 
L 2 {dTj) or L 2 (I). The topological support supprfS of gE is the smallest closed set S such that 
eE(R \ S) — 0. We denote the indicator function of a set S by Xs , (')s X±(t) '■= XR±(t)- 

We say / G H(T>) if /(•) is a holomorphic function on a domain T>. By A/" + (C + ) we denote 
the Smirnov class on C + (see Subsection I2.6|) . Suppose X be an interval in R; then by Lip Q (X), 
a G (0, 1], we denote the Lipschitz classes on X (see, for example, fI5|). 

We write f(x) x g(x) (x — > xo), if the functions ^ and j are bounded in a sufficiently 

small neighborhood of the point Xq; f(x) x g(x) (x G D) means that ^ and j are bounded 
on the set D. 
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2 Preliminaries 

2.1 Indefinite Sturm-Liouville operators (sgnx)(— + l{ x )) 

Denote by J the multiplication operator by sgnx in the Hilbert space L 2 (M), J : f(x) — * 
sgnxf(x). Next we consider in L 2 (IR) the differential expression 

' h +q{x) , (2-i; 



dx 2 



with a real continuous potential q. Suppose additionally that the minimal operators L^ in , L~ in 
(see jlH], jUj) associated with (j2.1|) in L 2 (IR + ) and L 2 (M_), respectively, have the deficiency 
indices (1,1). Denote also by L the Sturm-Liouville operator generated in L 2 (R) by the differ- 
ential expression (|2.1j) . It is clear that L is selfadjoint in L 2 (M). 

The main object of our paper is an indefinite Sturm-Liouville operator 

A := JL = (sgnx) (—^ + q(x)) , dom(A) := dom(L), (2.2) 

in L 2 (M). It is easy to see that A ^ A*. Indeed, the operator A* = LJ is defined by the 
same differential expression (J2.2j) on the domain, dom(A*) = JdomL 7^ dom(v4), containing 
functions discontinuous at zero together with the first derivative. 

Definition 2.1. Let J be an signature operator on a Hilbert space $j, J = J* = J -1 . An 
operator T in fj is called J-selfadjoint if JT = (JT)*. 

It is clear that A is a J-selfadjoint operator. We will investigate the operator A in the 
framework of extension theory of symmetric operators. For this purpose we recall the following 

Definition 2.2 ([1]). Let 5* be a closed symmetric operator with equal finite deficiency indices 
(n,n), n < 00. A closed operator 5* is called a quasi-self adjoint extension of S if 



S C S C S* and dim ^dom(S')/ dom(S') 



n. 



Let A mm := A n A*, A± in := ±L± m . Then 

Amin = A~ in © A+ in , dom(A™„) := {y G dom(L) : y(Q) = y'(0) = 0}. (2.3) 

It is clear that A min is a simple symmetric operator with deficiency indices (2, 2) and A is its 
quasi-selfadjoint extension. Indeed, 

dom(A) := {y E dom ((A+J*) © ((A™J*) = V(+0) = y(-0), y'(+0) = y'(-O)} , (2.4) 

and dim(dom(A)/ dom(A min )) = 2. 

Note in conclusion that if q is bounded, then dom(A) := dom(L) = W^R), the Sobolev 
space, and dom(A min ) = W*'°(R) := {y e W 2 (R) : y(0) = y'(0) = 0}. 
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2.2 Weyl functions 

Recall definition of the Weyl functions of the Sturm-Liouville operator (j2.1j) assuming as before, 
the limit point cases at ±00. Denote by s(x, A) and c(x, A) the solutions of 

-y"{x) + q(x)y(x) = Xy(x) 

obeying the following initial conditions 

s (0, A) = — c(0, A) = 0, — s(0, A) = c(0, A) = 1. 
ax ax 

According to Weyl theory (see (30]) there exists the function m±(A) on C + U C_ such that 

s(-, A) =f "i±(A)c(-, A) G L 2 (M ± ). (2.5) 

The function m± is called the Weyl function of L^ in corresponding to the initial condition 
y'(0) = 0. The functions 

M±(A) := ±m±(±A) (2.6) 

is said to be the Weyl function of A min (corresponding to the initial condition y'(0) = 0). 
Define 

= i-(s ± (;±\)-M ± (\)c(;±\)), xeR ± , 

1 ' ' ' [O x G Mzp. 

It is easily seen that ip±(-, A) G L 2 (M±) for A G C+ U C_ and (A^ in )*i/j ± (x, A) = A-0 ± (x, A). 

Recall that a function m(A) is called an R-function (Herglotz or Nevanlinna function) [T|l2*lj 
if it is holomorphic in C + U C_, 



ImA ■ Imm(A) > for A G C + U C_ and m(A) = m(A). 

The set of all R- functions is denoted by (R) (see [24j). 

The functions m-t, as well as M± are R-functions (see jSH])- Moreover, it follows from ()2.6|) 
and the known integral representation of m±(\) (see |38| ITF]) that M±(A) admits the following 
integral representation 

M ± (A) = / — ±Y and / — ±ff < 00. (2.8) 



t-X J R 1 + \t 

with a (nonunique) nondecreasing scalar function £±(i). Note that S±(t) in (|2.8J) is uniquely 
determined by the following normalized conditions: 

2E±(t) = £±(t + 0) + £±(*-0) , E±(0) = 0. 

Note also that (|2.8p gives a holomorphic continuation of m ± (A) to C \ suppc?E-|-. 
Moreover, the known asymptotic relations for m±(-) (see [38J) yield 

M±(X) = ±—!= + O ( y ) > (A^oo, 0<5<argA<7r-5) (2.9) 



E±(t) = ±— v/±t ±S±(±oo) +o(l), t^ioo. (2.10) 

7T 
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Here and below \fz is the branch of the multifunction on the complex plane C with the cut 
along IR + , singled out by the condition \f—\ = i. We assume that vA > for A G [0, +00). 
Consider the operator 

^0 := (A± J* t dom(A ± ), dom(A ± ) = {y E dom ((A± in )*) : y'(±0) = 0}. (2.11) 

Clearly, Aq = (A )*. The function S± is £/ie spectral function of jSHllIT]. It means that 
the generalized Fourier transform JF±, defined by 

{T±j){t) := Li.m ± / 1 f(x)c(x,±t)dx, (2.12) 

is an isometric operator from L 2 (KL|-) onto L 2 (R, dE±). Here Li.m. denotes the strong limit in 
L 2 (M, d£ 



± 



The operator A^ := JF-j-A^^ 1 is the operator of multiplication by t in L 2 (R, <i£±(£)), 
: -> £#(t) (see [HHT]). Note that a(A^) = supp d£±. 

Suppose / G L 2 (M). Let /± := P±/ G L 2 (M ± ) where P± is the orthoprojection in L 2 (R) 
onto L 2 (M-|-). The following two representations of the resolvent TZ A ± are known (see [3T?] 137]): 

(^±(^)/±)w = ^— ^ > ( 2 - 13 ) 

(n A ±(\)f ± )(x) = TMxA) / c(s,±A)/(s)tfa=Fc(a;,±A) / ^±(s, A)/(s)tfo. (2.14) 
2.3 Definitizable operators 

The spectral theory of linear operators in Krein spaces can be found in j^j, [37]. Here we give 
some basic definitions. 

Consider a Hilbert space f) with a scalar product (•,■)• Let J be an operator in f) such that 
J = J -1 = J*. By [-,-] we define a Hermitian sesquilinear form (s.f.) (</■,■)• Then the pair 
/C = (£),[-,-]) is a Krein space (see the literature cited above). If J 7^ /, then the s.f. [-, •] is 
indefinite. 

Let T be a closely defined operator in f). Then J-adjoint operator T"M is defined by 

[T/,0] = [/,!%], / g D(T), geD(TM). 

Clearly, = JT*J, where T* is the adjoint operator with respect to the scalar product (•, •). 
An operator T is called J-selfadjoint if T = 7^*1 Evidently, this definition is equivalent to 
Definition 12.11 and 

T = T w T = JT*J . 

Definition 2.3 (|37j). A J-selfadjoint operator T is called definitizable if p(T) 7^ and there 
exist a real polynomial p such that 

b(T)/,/]>0 for / e dom(p(T)) . 

Definitizable operators have spectral functions with critical points. Thus theirs spectral 
properties are close to spectral properties of selfadjoint operators in some sense (see [27]). 

Operators of the form (|2.2j) are J-selfadjoint. In this case, $) = L 2 (M) and J is a multipli- 
cation operator by sgn x. Such operators can be nondefinitizable. The following theorem gives 
a criterion of definitizability. 
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Theorem 2.1 ([31) 32j). Let A = (sgnx)(—d 2 /dx 2 + q(x)) be an operator of the form (|2.2[) . 
Then A is definitizable if and only if the sets supp dE + and suppoE_ (see Subsection \2.%\ for 
definitions) are separated by a finite number of points, i.e., there exists a finite ordered set 

{atj}^ 1 , -oo = a < «i < a 2 < ■ ■ ■ < a 2n -i < ct 2n = 

such that 

n—l n—1 

suppd£_ C {J[a 2 k,a 2 k+i], supp<i£ + C (J[a 2k+1 , a 2k+2 \. 

k=0 k=0 

Several conditions of definitizability in abstract terms was given in [22| and [2"3"j . 
Spectral properties of some classes of differential definitizable operators was studied in 
Uni CHI ; see also references in [TU] . 

Definition 2.4. An operator T is called J-nonnegative if 

[T/,/]>0 for /Gdom(T). 
Denote the root subspace (the algebraic eigensubspace) of T for A by £\(T), that is 

£ A (T) := span{ker(T - X) k : k G Z+}. 
Proposition 2.2 ([51J, see also [3J). Let T be a J-nonnegative operator. Then 

(i) <r p (A) n (c+ u c_) = 0. 

(ii) If A G o~ p (T) and A 7^ 0, £/ien i/ie eigenvalue A zs semisimple, i.e., £\ = ker(T — A). 

(iii) If G o~ p {T), then £ = kerT 2 (generally, £ 7^ kerT,). 

2.4 Finite-zone potentials 

Following [3S] we recall a definition of Sturm-Liouville operator with a finite-zone potential. 
Let iV G Z + := N U {0}. Consider sets of real numbers {/J>j}f=o, > {£j}i sucn that 

I T I V I V I 

-OO = fl Q < fl Q < fa < H X < ■ ■ ■ < fl N < fjL N < fjL N+1 = +OO, 

I r 

£j G [lijjfXj], j — 1, . . . , N . Define polynomials R(X), -P(A) by 

N N 

pw = ri( A - r ^ = ( a - w ri( A - ^)( a - h)- 

Then there exist (see jSS] ) real polynomials 5(A) and Q(X) of degrees degS" = N + 1 and 
deg Q = N — 1 respectively and such that 

N 

S(X) = Y[(X-Tj), Tq G ( OO, Jiq], Tj G j G {1, . . . , N}, 

3=0 
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and such that the following identity holds 

P(X)S(X)-Q 2 (X) =R(X). (2.15) 

The function 

™±(A) :=± nr x/ (A) /B7TT ( 2 - 16 ) 

is the Weyl function corresponding to the Neumann boundary value problem on WL± for some 
Sturm-Liouville operator L = —d 2 /dx 2 + q(x) with a bounded quasi-periodic potential q = q. 
Here the branch of the multifunction is chosen in such a way that m±(-) is R-function. 

Definition 2.5. A (quasi-periodic) potential q = q is called a finite-zone potential if the Weyl 
functions m± of L± defined by (|2.5jl admit representations ([2.1fij) . 

Assume q to be a finite-zone potential. Then q is an analytic function, and the nth derivative 
-^q is bounded on K for any n6N. Moreover, the spectrum of L = —d 2 /dx 2 +q(x) is absolutely 
continuous, and 

cr(L) = (T ac (L) = [/i , /^j U /J, 2 ) U • • • U [/%, +oo). 
Combining (j2.1(ij) with (|2.fi|) . we get 

M±(A) = P(±A ? (2.17) 

Q(±A) T zv^(±AT 



Using (|2.15p . we rewrite ()2.17|) as 



M ± (A) = gt^/ggl . (, 18) 

2.5 Boundary triplets and abstract Weyl functions 
2.5.1 Weyl functions and spectra of proper extensions. 

Let fj and 7i be separable Hilbert spaces. 

Definition 2.6. A closed linear relation in TC is a closed subspace of 7i © 7i. 

Example 2.1. For any closed operator B in 7i its graph G(B) is a closed relation in 7i. 

Let S be a closed densely defined symmetric operator in ft with equal deficiency indices 
n + (S) = n^(S), where n±(S) := dimO^ and VI \ := ker(5* — A). 

Definition 2.7 ([I]). A closed extension S of S is called a proper extension if S C S C S* . 
The set of all proper extensions is denoted by Ext 5. 

Recall the definition of a boundary triplet. 

Definition 2.8 (|19|). A triplet II = {Ti.,To,Ti} consisting of an auxiliary Hilbert space Tt 
and linear mappings Tj : dom(S'*) — > H, j G {0, 1}, is called a boundary triplet for the 
operator S* if the following conditions are satisfied: 
(z) The second Green formula 

(S*f, g) - (/, S*g) = (Txf, T g) H - (T f, V x g) H , f,ge dom(S*), (2.19) 

holds; 

(ii) The mapping T : dom(5*) — ► H © TC, Tf := {r /, Fif} is surjective. 
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Definition 12.81 allows one to describe the set Exts in the following way (see |TT) I12p. 

Proposition 2.3 (HD [JJ]). Let U = {W,ro,r x } be a boundary triplet for S* . Then the 
mapping T establishes a bijective correspondence S — > := r(dom(5')) between the set Exts 
and the set of closed linear relations in H. 

By Proposition 12.31 the following definition is natural. 

Definition 2.9. Let II = {7i, T , Ti} be a boundary triplet for the operator S*. 

(i) Denote Sq = S, if 9 = r(dom(S')) that is 

S e ■= S*\D @ , where dom(S ) = D e := {/ G dom(S*) : {T /,iV} G 0}. (2.20) 

(ii) If = G(B) is the graph of B G C(7Y) then dom(S'e) determined by the equation 
dom(S B ) = D B := D e = ker{T 1 - BT ). We set S B := S e . 

Let us make the following remarks. 

Remark 2.1. 1) The deficiency indices n±(S) are equal to the dimension of Tl, i.e., dim(7i) = 
n±(S). 

2) There exist two self-adjoint extensions Sj := S*\ ker(Fj) which are naturally associated to 
a boundary triplet. According to Definition l2.9l Sj = Se,,j G {0, 1}, where ©o = {0}x7i, ©i = 
7i x {0}. Conversely, if So is a self-adjoint extension of A, then there exists a boundary triplet 
n = {H, T , rj such that S = S*\ ker(r ). 

3) is the graph of a closed operator B iff S and S are disjoint, i.e., dom(S') fl dom(S'o) = 
dom(S'). 

4) = G(B) with B G [TC] iff 5 and S are transversal, i.e., S and So are disjoint and 
dom(S) + dom(So) = dom(S*). 

Definition 2.10 ([13j). A proper extension S G Exts is called an almost solvable if there 
exists a boundary triplet II = {H, Tq, T±} and an operator B £ [H] such that 

dom(S) = dom(S B ) := ker(r! - BT ). (2.21) 

The set of almost solvable extensions is denoted by Ass- Note that the class Ass is suffi- 
ciently wide. Proper extensions having two regular points Ai, A2 G C such that Im Ai Tm A2 < 
belong to Ass- All quasiselfadjoint extensions are in Ass- 

In IT2*] the concept of Weyl function was generalized to an arbitrary symmetric operator 
T with infinite deficiency indices n + (A) = ri-(A). Recall some basic facts about Weyl functions. 

Definition 2.11 (dH H2J). Let IT = {H,r ,ri} be a boundary triplet for S*. The Weyl 
function of T corresponding to the boundary triplet {H, T , T\} is a unique mapping 

M(-) : p(T ) — . [H] (2.22) 

satisfying 

Tifx = M(\)T fx, f x EVX x = ker(S*-\I), A G p{S ). (2.23) 

It is well known (see [TT| IT2*] ) that the above implicit definition of the Weyl function is 
correct and M(-) is an operator-valued R-function obeying G p(Im(M(z)))(see 14]). The 
Weyl function immediately provides some information about the "spectral properties" of proper 
extensions. We confine ourselves to the case of almost solvable extensions of the symmetric 
operator S. 
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Proposition 2.4 ([12] [T3]). Suppose that U = {H,r ,Pi} is a boundary triplet for S*, M(-) 
is the corresponding Weyl function, A G p{So) and B G . Then: 

1) A G p(S'b) »/ and on/?/ i/ G p(5 - M(A)); 

2) A G (Ti(S B ) if and only if G er^-B - M(A)), z G {p,r, c}. 

We demonstrate applicability of Proposition 12.41 by describing a discrete spectrum of the 
operator A. 

Proposition 2.5. Let S := A min fre a (minimal) symmetric operator defined by (J2.3|) and let 
M±(-) 6e de/med 6y (j2~fi| . Tnen 

(i) fl = {C 2 ,r ,r!} denned by 

T , r\ : dom(A; in ) - w = c 2 , r / = f i ( , +0 n \'l , rv = ( f ^°l) , (2.24) 



/(-o);' w(-o) 

forms a boundary triplet for the operator S* = A^^; 

(ii) The corresponding Weyl function is 

M(A) := M n (A) = diag(-M" 1 (A), M_(A)) ; (2.25) 

(iii) The operator A = JL defined by (|2.2|) is a quasi-selfadjoint extension of S and it is 
determined by 

A = S*\ domA, domA = ker(T 1 - BT ), where B = ^ , (2.26) 
that is A = Sb; 

(iv) p(A) ^ and A G p{A) n C± t/ and on/y if M + (X ) ^ M_(A ). Moreover, p(A) nR = 
\Jj(acj,/3j) where (ctj,/3j) is such an interval that both M + and M_ admit holomorphic 
continuation trough (ay, (3j) and M + (x + iO) ^ M_(x + iO), x G (ay, /3j). 

(v) The sets o~ p (A) fl C± are at most countable with possible limit points belonging to R U 
{oo}. Moreover, A G cr p (A) fl C± and only if M + (A ) = M_(A ). /n £ne Zaiier case 
dim£A (^4) = rn(Ao), waerem(Ao) zs the multiplicity of Ao as a zero o/iae analytic function 
M + (A)-M_(A); 

(vi) T/ie spectrum o~(A) is symmetric with respect to the real line, that is Ao G o p (v4) -<=>- 
Ao G cr p (A) and dim£A (^4) — dim£^ o (A) (equivalently Ao G cr(A) •<=>- Ao G o"(^4*) and 
dim£ Ao (A) =dim£ Ao (A*). 

Proof, (i)-(iii) These statements are obvious. 

(iv) By Proposition El A G p(A) if and only if G p{B - M(A ), that is 

det(B - M(A)) = det ( M ^ X) _ M * (A) ) = M^(\) • [M + (A) - M_(A)] ^ 0. (2.27) 

Note that due to (|2.9|) M + (-) and M_(-) have different asymptotic behavior along any semi- axes 
t ■ e iLp , t > with (p G (0, 7r/2). Hence M+ - M_ ^ 0, that is the determinant det(B - M(A)) 
does not vanish identically and p(A) ^ 0. 
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The last statement follows from Proposition 12.41 and the identity 



(B-M(X)) 



-1 



1 M+(A) 



M + (\) - M_(\) \-M + (\) -M+(A)M_(A) 



(v) By Proposition ^. 41 crfffn) PlC-i coincides with the set of zeros of the determinant det(£> — 
M(A)) in C±. Due to (f2~T7|) a{S B ) n C± coincides with the set of zeros of M+(A) - M_(A) in 
C± since M + (A) has no zeros in C±. The analytic function M + (A) — M_(A) does not vanish 
identically, hence it has at most countable set of zeros in both C + and C_. The rest statements 
follow from analyticity of M + — M_ and Proposition 12.41 

(vi) Note that M+(A ) - M_(A ) = yields M + (A ) - M_(A ) = M+(A ) - M_(A ) = 0. 
Similar implication is valid for jth derivative. This completes the proof. □ 



2.5.2 A functional model of a symmetric operator. 

Next we recall construction of a functional model of a symmetric operator following [Tlj . [4"2~] . 
We need only the case of the deficiency indices (1,1). 

Let S(t) be a nondecreasing scalar function obeying the conditions 

I —^dE(t) < oo, I dZ(t) = oo, E(t) = -(£(t-0) + £(t + 0)), E(0) = 0. (2.28) 

The operator of multiplication : /(£) ~~ > ^/(^) is selfadjoint in L 2 (R, Consider its 

restriction 

T E = Qe r dom(f E ), dom(f s ) = {/ G domQ s : f f(t)dE(t) = 0}. 

Then is a simple densely defined symmetric operator in L 2 (M, oE) with deficiency indices 
(1,1). The adjoint operator has the form 

dom(f *) = {f = f Q + t(t 2 + ly'h : f Q G dom(Q E ), /i G C}, f*f = tf Q - (t 2 + l) _1 /i. 
Let CeR. Define linear mappings Tq , rf' C ' : dom(T£) — > C by 

r o s / = h, Tf c f = Ch+ [ f Q (t)dZ(t), (2.29) 

Jr 

where / = f Q + t(t 2 + G dom(f*), f Q G dom(Qs), h E C 

Then {C, Tq , rf ' C } is a boundary triple for T£. The function 

M S , C (A) := C + jf - d£(t), A G C \ supp dE, (2.30) 

is the corresponding Weyl function of T E . 
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2.6 Some facts of Hardy spaces theory 

2.6.1 The Hilbert transform in weighted spaces 

Let us recall some facts of Hardy spaces theory following ^H] and 

Let /j be a Borel measure on R obeying L(l + £ 2 ) -1 a/j(t) < oo. As usual we denote by 
m(A) = "Pa(aO its harmonic extension (the Poisson integral) at the point A = x + iy G C+, 

+ iy) := V x (fi) := (P y * fi)(x) := - [ l-—dfi{t). (2.31) 

For any function ip G L 1 (<it/1 + 1 2 ) we put V\((p) := V\(/j.) where /i = <^dx. 

Moreover, assuming that J R (1 + \t\)^ l dji{t) < oo one introduces the harmonic conjugate 
u(-) of «(•) by setting 

u( x + ; y ) := i f X -J dn(t). (2.32) 

^ jr \. x — l ) + y 

Here we require the normalization lim^ +00 u(x + iy) = 0. By Fatou theorem for a.e. x G 
R the limit lim y _>o w(x, w) =: m(x + iO) exists and u(x + iO) = fi'(x). Moreover, the limit 
lim y ^o u{x + iy) =: u(x + iO) exists a.e. and coincides with the Hilbert transform of /i, that is 

i r i 

u(x + i0) = (Hfi)(x) := -lim / d//(t). (2.33) 

7T 5^0 / s — t 

x-t|><5 

If / G L P (R) with p G [l,oo), then by definition (Hf)(x) := (Hfi)(x) with // = fdx. The 
operator is a unitary operator on L 2 (R). 

Recall the Helson - Szego theorem |2I] (see also [T5]). 

Theorem 2.6 (Helson, Szego). Let o/j be a positive Borel measure on R ; finite on compact 
sets. There is a constant K such that 



\Hf(x)\ dfi(x) < K / \f(x)\ 2 d/j(x) 

JR JR 

for all f G L 2 (R) n L 2 (R, d/i) z/ and only if /i zs absolutely continuous, dp,(x) = w(x)dx, and 
\ogw(x) =u + Hv, ueL°°{R), \\v\\ L ™ m < tt/2. (2.34) 

Theorem 12.61 the Helson-Szego theorem, provides a necessary and sufficient condition for 
the Hilbert transform to be bounded on L 2 (dfi). 

Another solution to this problem has been obtained by Muckenhoupt [13] and Hunt, Muck- 
enhoupt and Wheeden jUJ. 

Theorem 2.7 (Hunt, Muckenhoupt, Wheeden). Let dfi be a positive Borel measure on 
R ; finite on compact sets. Then the inequality 

\Hf(x)\ 2 dfi(x)<K 2 [ \f(x)\ 2 dfi(x) 



with K 2 independent of f G L 2 (R) PI L 2 (R,dfi) holds if and only if dfi(x) = w(x)dx and the 
density w(x) satisfies the following condition 

sup (± J „(«)*) J dt) < oo. (2.35) 



12 



Here, in (|2.35|) sup is taken over the set of all (closed) intervals Id. 

Condition (|2.35|) is called the (A 2 )-condition; we will write w G (A 2 ) if ()2.35|) is satisfied. 

It is well known that the necessary part of the condition (J2.35j) remains valid (with the same 
proof) for two- weight estimates of Hilbert transform. 

More precisely, suppose that itfi(-) and w 2 {-) are two nonnegative functions (weights) and 
E = suppu^ = E is a topological support of w 2 . Then the two-weight inequality 



implies the estimate 



/ \Hf{x)\ 2 - Wl {x)dx<K 2 f \f(x)\ 2 -w 2 (x)dx (2.36) 



In turn, inequality (|2.37|) yields 

vraisup tGE [wi(x) ■ w 2 (x)~ l ] = C < oo. (2.38) 

In fact, inequalities (|2.37|) and (|2.38|) are not equivalent, that is (|2.37j) is stronger than (|2.38lh 
Following jlH] we mention one more consequence of two- weight estimate (|2.36j) . 

Proposition 2.8. Let wi,w 2 > be two nonnegative measurable functions on R and w^ 1 ^) is 
finite a.e. on R. Then for the two-weight estimate ()2.3fi|) to be valid it is necessary that 

sup VxM ■ Vxiw^) = C < oo. (2.39) 

Aec+ 

D. Sarason has conjectured that the converse is also true, that is condition (J2.39|) is also 
sufficient for the two- weight estimate to be hold. Later on F. Nazarov (see jlHI) shown that it 
is false. 

It is easily seen (and well known) that condition ()2.39|) is stronger than ()2.37j) . Indeed, if 
x is a middle of T, y = \T\/2 and A = x + iy, then \T\~ l xi(t) < nP y (x — t) (cf. [IBJ Theorem 
VI. 1.2]). Hence for any nonnegative tp G L/ oc (R) 

^rj <p(t)dt < J^P y (x - t)<p(t)dt = V x {ip). (2.40) 

Also we will use the following result. 

Proposition 2.9 (cf. Theorem 4 in [21J). Let {tj}^ =l be a finite set of real numbers. Assume 
that a (positive) weight function w(t), t G R ; has the following properties: 

w{t) x t Qo ° (\t\ oo), where - 1 < < 1, (2.41) 
x It-i,-]^ (t^tj), where - 1 < a 3 < 1, j = l,...,N, (2.42) 

(t^t ) Vt el\{t 3 jf = , (2.43) 

Then w G (A 2 ), i.e., the weight function w satisfies ()2.35|) with p = 2. 

Proof. In this proof the letter C will be used to denote a positive constant not necessarily the 
same at each occurrence. 

If w G" (^2), then there exists a sequence of intervals T n = [a n , b n ], n G N, with the following 
properties: 
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(51) {a n }™ =1 and {b n }™ =1 are monotone; 

(52) there exist limits a = lima n , b = limo n , — oo < a < b < +00; 



(S3) lim ( fi-r / w(t)dt] ( f -^—dt 



OO. 



Let us suppose now that assumptions (|2.41j) - (|2.43|) hold true and let the sequences {a n }'^L 1 
and {b n }™ =l have properties (SI), (S2). We will prove that property (S3) does not hold in this 
case, i.e., 

^ n := i W{t)dt ) I ^(tj dt ) < ° f ° r aU nEN - (2 ' 44) 

First note that assumptions (jCTjl - lj2T33|» yields that w(-) G AocW and 4o G L L( IR )- 
Hence it suffices to show ()2.44|) for sufficiently large n. 
We should consider 7 cases. 

Case 1. Let a = b = +00 (the case a = b = —00 is similar). 

By (|2.41j) . w(£) < C|t| aoc and < C|t| _Qo ° for sufficiently large t > 0. Hence, for n large 
enough, we have 

= 77 so / / 77\dt < c- ^ / e^dt \ r a ™dt. 

(o n - a„) 2 i an A„ MW [b n ~ an) 2 Ja n Ja n 

Since G (—1, 1), we have 



(On - «n) 2 (l + «oo)(l - «oo) b\ + a 2 - 2o n a n 

(it is assumed that a n , b n > 0). By the Cauchy inequality, 

Thus < C for n large enough. 
Case 2. Let a = —00, b = +00. 

By (I2.41|) . there exist a constants a < and 6 > such that 

w(t) < C\t\ a °° and < C\t\- a °° for i G (-00, a ) U (b , +00). 

w{t) 

Therefore, 

1 / /*&o rbo rK \ 

<p n <C- / \t\ a °°dt+ w(t)dt+ t a °°dt)x 

\b n — On) \Ja n Ja Jb J 

(rao rbo 1 pb n 

/ \t\~ a °°dt+ / + / r a °°dt 
Ja n Jao W(t) J b 

for n large enough. Taking into account the fact that w(t)dt < 00 and ^fjdt < 00, we 
get 

I 1 "**-- \a \ 1+a ™ + C + b 1 ^™ - bl +a "°) (|a n | 1 - a ~- laol 1 -*™ + C + b 1 -*™ - bl- a "°) 



<p„< c i^ 

(On - O n ) 

(|a„| 1+a - + b l + a °°) (|a n | x - a - + 6i- Q -) 

< ^ 71 Y2 < L> ' 

{b n - a n y 



2 
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Case 3. Let — oo < a = b < +00, a n f a, and b n j a(= b). 
By (J232)- (E33), there exist a G (-1, 1) such that 



w(t) x|t-a| a , -^y x |t - a\~ a , (t->a). 



So, for n large enough, 



1 



6 n \ / ^6 



< P« <C '7I r^I I / \t~ a \ a dt+ I (t-a) a dt)[ I \t-a\~ a dt+ / (t - a)~ a dt 



< C 



(bn (In) 

((a - a n ) l+a + (b n - a) 1+a ) ((a - a n ) l - a + (6 W - a) 1 '") 
((&„ - a) + (a - a„)) 2 



_ c (a - a n ) 2 + (b n ~ a) 2 + (a - <h^Hpn - a) 1+a + (a - a n ) 1+a (b n - a) 1 '" 

(a - a n ) 2 + (b n - a) 2 + 2 (a - a n )(6 n - a) 
< c c (a - fln) 1 " a (6n ~ a) 1+a + (a ~ a ra ) 1+Q (& w - a) 1 "" ^ g 

max{(a - a n ) 2 , (b n - a) 2 } 

Case 4. Let —00 < a < b = +00 and a n [ a (the case —00 = a < b < +00, b n j 6 is 
similar). 

By dmD-dna), 

w(t)<Ct a °°, 4t < Cracc for ^e(&o,+oo), (2.45) 
w(t) 

where 60 is a certain positive constant. Since 

rb rb rb y rb y 

/ iu(t)dt < / w(t)cft < C and / -jrdt < / — ^-dt < C 
for all n G AT, we clearly have 

^ < K^(L mm+ L w(t)it )\L w) dt+ L wf 

y / rb„ \ / rb n 



< C Tl TTT [C + / t Q °°dt ) ( C + / t _a °°^ 

(6 n - a n ) 2 V A 
<c ,(e aoo -&o +aoo )(e aoo -&o +Q ° 



6 2 - 2b n a n + a 2 

It follows from lim5 n = +00 that *}3 n < C for n G iV '. 
In the same way one can treat the following cases: 

Case 5: —00 < a = b < +00, a n j a, and 6 n j a(= b) ( the case a n f a, 6 n j a is similar); 

Case 6: —00 < a < b = +00, a n ] a ( the case —00 = a < b < +00, 6 n j 6 is analogous); 

Case 7: —00 < a < b < +00. 

Thus property (S3) does not hold. This shows that w G (A 2 ). 

□ 
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2.6.2 The Smirnov class 

We denote by A/" + (C + ) the Smirnov class on C+. Recall that J\f + (C + ) consists of holomorphic 
on C + functions U(z) such that U (z) admits the factorization 

U(z) =cB(z)F(z)S(z), zeC + , 

where B is a Blaschke product, F is an outer function, S is a singular function, c is a constant, 
|c| = 1 (see [T%1 Corollary II. 5. 6 and Theorem II. 5. 5]). 
The following lemmas are well known. 

Lemma 2.10. Iff,gE A/"+(C+), then f + gE W + (C + ). 

Lemma 2.11. Let {t,}^ be a finite set of real numbers. Let U(z) be a holomorphic function 
on C + such that 

U(z)=0(z a °°) (z->oo), 
U{z - tj) ~\z- t^ {z -> tj), j = 1, . . . , N, 
U{z-z ) = O{l) (z^z ) \/z E (C+ Ul)\ {tj}f=\, 

where E R + , ctj E E_ , j = 1, . . . , N. Then U(z) E M + {€ + ). 
The proofs of these lemmas are standard. 

3 Similarity conditions 

3.1 Characteristic functions and similarity 

Let S be a symmetric operator in a Hilbert space Sj with finite deficiency indices (n, n), n E N. 
Let T be a quasi- self adjoint extension of S. Then (see Subsection 12.51 and [T3j ) there exists a 
boundary triple {7i, r , Ti} for T^ in such that domT = kei(Ti — BT ) with some B E [H], that 
is T = Sb- Let M(-) be the Weyl function associated with the boundary triple {H,T Q ,Ti}. 
The characteristic function 9t{-) of almost solvable extension T(e Ext 5) is determined and 
investigated in In the sequel we need the following formula for the characteristic 

function 6t{-) obtained in ^21- It express the #t(') by means of a boundary operator B and 
the corresponding Weyl function M(A). 

Theorem 3.1 ([13^|). Let IT = {H,Tq,Ti} be a boundary triple for S*, M(-) the corresponding 
Weyl function, B E [H], and E an auxiliary Hilbert space. Then for any factorization Bj := 
(B - B*)/2i = KJK* of B[ with K E [E,H] and J = J* = J- 1 E [E], the characteristic 
function 9{X) := 6a b (\) of the extension Ab(e Extg), domS^ = ker(r! — BT ), admits the 
following representation 

e T (\) = I + 2iK*(B* - M(X)Y l KJ. (3.1) 
It is shown in [12] that if ker(£? — B*) = {0}, then 

T (A) = {B- M(A)) (B* - MiX))' 1 . 
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It is well known that the characteristic function #t(A) obeys the following properties (J- 
properties): 

'u e (X):=J-6 T {\)J6* T {\) > 0, AgC +1 
uj e (\) : = J - 9 T {\)J9* T {\) < 0, AeC_. 

The second l 7-form u}e*(\) := J — 9^(X)J'9t{X) has the same properties. 

Next we recall some (sufficient) conditions of similarity to a selfadjoint operator in terms of 
the characteristic function #t(A) and the corresponding j7-forms ujq{-) and luq*(-). 

Theorem 3.2 (|4!Q). Let T be a solvable extension of S, that is domT = ker(I\ — BT ), with 
B e [H], Bi := (B - B*)/2i = KJK* where J : = sgn£/ and n± : = (I ± J)/2. Suppose that 
cx(T) C M and at least one of the following two conditions is satisfied 

(i) maxi sup ||7r + ^(A)J r e T (A)7r + ||, sup ||7r_# T (A) J9* t {\)'K- \\ \ < oo. (3.3) 

AeC- Aec+ 



(it) max sup ||7r_^(A)J r ^ T (A)7r_||, snp\\7i + 9 T (X)J9* T (\)n + \\}<oo. (3.4) 
I A: :• AeC- j 

Then T is similar to a selfadjoint operator T . Moreover, if T is completely non- selfadjoint 
then To has purely absolutely continuous spectrum. 

The next result has originally been obtained in |55j . It is immediate from Theorem 13.21 
other proofs can be found in I4TH I41j. 

Theorem 3.3 (|55j). Let T be a quasi- selfadjoint extension of S and the spectrum cr(T) is 
real, a{T) C R. // 

sup ||0r(A)|| < oo, (3.5) 

Aec+uC- 

then T is similar to a selfadjoint operator Tq. Moreover, ifT is completely non-self adjoint then 
T has purely absolutely continuous spectrum. 

According to the B.S. Nagy and C. Foias result (see |57| ) condition (|3.5|) is also necessary 
for a dissipative operator T to be similar to a selfadjoint operator. 

To the best of our knowledge the most stronger sufficient condition of similarity of a non- 
dissipative operator to a selfadjoint one in terms of characteristic functions, is contained in 
Theorem 13.21 Some previous results in this direction can be found in |2Zj, [22], [HI|, and [H] 
(see also references in jS]). We mention also recent publication [S3] and [2"5] . 

Note that under the conditions of all mentioned results a completely nonself adjoint part 
of T is similar to a selfadjoint operator T = T * with absolutely continuous spectrum. In 
this connection we mention that Kapustin [23] found some sufficient conditions for an almost 
unitary operator T to be similar to an operator U ac © T s where U ac is an absolutely continuous 
unitary operator and T s is some singular almost unitary operator. Recall, that T is called an 
almost unitary operator, if cx(T) 7$ D and (at least one of) non- unitary defects / — T*T and 
7 — TT* are trace class operators. 
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Proposition 3.4. Let a closed operator T on be similar to a selfadjoint operator Tq = T *, 
VTV^ 1 = T , and let Et {-) be the spectral measure ofT . Then 

(i) For any Borel subset 5 C M the subspace ^t(^) : = ^ /_1 ^t (^); where F>t (8) : = E To (5)S) 
is a regularly and ultra-invariant invariant subspace for T; 

(ii) The operator T (5) := T\$)t{o~), domT(5) = V~ x domTo(<5) is similar to the operator 
T (5) := E To (5)T; 

(Hi) Suppose additionally that T is completely non- selfadjoint, cr p (T) = and there exists a 
closed at most countable set {cij}^ CK, N < oo, such that for any domain 

1 N 

V:={XeC: |A| > — } U |J{AgC: |A- Qi |< e 3 } 

with sufficiently small e^, E\, e 2 , . . . , the following inequality holds 

sup |MA)||= sup \\J - e T (\)je* T (\)\\ < oo. (3.6) 

Aec+uc_\x> \ec + uC-\v 

Then the spectrum ofT is purely absolutely continuous, that is T is similar to the selfadjoint 
operator T with absolutely continuous spectrum. 

Proof, (i) It is clear that $)t{$) G LatT, that is 5}t(<5) is invariant for T. Moreover, $)t{o~) £ 
LatT is regularly invariant, that is (T — A) _1 ioT(5) = $1t(8) since 

E To (5)S) = (T - A)- 1 ^^ = V(T - XyW-'ET^fj = V(T - A)-^ T (5). (3.7) 

The last statement is a partial case of Proposition 5.1 from j^Jj, part II. 

(ii) It follows from the identity VTV~ l = T that V(T-A)- 1 1/~ 1 = (T - A) -1 . Introducing 
block matrix representations of the operators V, T(5) and Tq(5) with respect to the orthogonal 
decompositions f) = 9)t(8) © firi^) 1 - = $)T (fi) © ^t (^ \ 5) we rewrite the above identity in 
the block-matrix form 



V u V 12 \ /(T^-A)" 1 T 12 \ _ ( (Tq{8) — A) 1 \ fV n V 12 

V 21 V 22 ) \ T 22 ) I (T (R\5)-\y 1 ) \V 2 i V 22 



, (3. 



where = PiV \S)j, i,j G {1,2}, P 1 is the orthoprojection in S) onto $)t(8) an d P 2 := I — P\. 
Hence V\\\T{8) — A) -1 = (T (5) — A) _1 Vii. To complete the proof it remains to note that 
doml^i = 9)t(5), ranVn = $)t (o~) and kerVn = {0} by definition of Vu. 

(iii) First we prove that the operator T 2 := P 2 T\Sjt(S) ± is similar to the operator T (IR\5). 
Note that T* = T* [f)T(5) ± and 

(V~ l )*T*V* = T = Tq. (3.9) 

By statement (ii) the operator T 2 * is similar the operator T (R\5) since $)t(o~) 1 ~ = ^*^r (IR\^) G 
LatT*. Hence T 2 is similar to the operator T (M \ 5) — T *(R \ 5) too. 

Now, let (a, b) be any component interval of the (open) set E\ {dj}^ and 5 = (a + e,b — e), 
e > 0. It is clear that T is a coupling (see El El) of Ti = T(8) and T 2 = P 2 T\f) T (5) ± . 
Therefore 9t{-) admits a factorization (see 

6 T (\)=6 Tl (\)-6 T2 (\)=:6 1 (\)-6 2 (\), A G C+ U C_, (3.10) 
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where Oj(-) := 9t ■ (•) is the corresponding characteristic function of the operator Tj,j G {1,2}. 
Since T 2 is similar to T (IR \ 5), then ^(O — $r 2 (') admits a holomorphic continuation through 
(a + e, b — e). 

It easily follows from (|3.1U|) and the first j7-property of 6^ and 9t 2 (see (13. 2JI ) that 

U0 (X) =J- 9 T (X)J9* T {X) =J- 9 Tl {X)J9* Tl (X) + 9 Tl {X) ■ (J - 6 T2 (\)J6* T2 (\)) ■ 6* Tl (\) 

(3.11) 

> J -9 Tl {X)J9* Ti {\) > for A G C+ U (a + e,6-e). 

In turn, it follows from ()3.6|) that is bounded in a small neighborhood (c C+) of 

5= (a + e,b — e). Therefore (|3.11|) yields the estimate sup ^^(A))] < sup ||we T (A)|| < oo. 

\eG+ \eG+ 

On the other hand, #i(A) = 9 Tl (X) is bounded at infinity since T x is bounded. Therefore 

C + := sup llkte! (A) || < c>o. 

Aec+ 

Similarly, starting with (|3.10j) and using the second J'-property ()3.2|) of 9 Tl and 9 T2 we get 

Ug (X) = J- 9 T (X)J9* T (X) =J- 9 Tl (X)J9* Tl (X) + 9 Tl (X) ■ (J - 9 T2 {X)J9* T2 (X)) ■ 9* Tl (X) 

(3.12) 

< J- 9 Tl {X)J9* Tl {X) < for A G C_ U (a + e,6-e). 

By ()3.6p a;g(-) is bounded in a small neighborhood Gj (c C_) of 5 = (a + e, b — e) and due 

to (|3.12|) so is uj 01 (-). Since #i(A) is bounded at infinity we have C_ := sup Hu^A)]! < oo. 

agc_ 

Summing up we get 

sup \\9 Tl (X)J9* T (X)\\ < oo. (3.13) 

Aec+uC- 

Note that T\ is completely nonself adjoint because so is T. Since T\ = T(5) is completely 
nonself adjoint and it is similar to the selfadjoint operator Tq(S), then condition ()3.13j) imply 
absolute continuity of the operator Tq(8) (see |H], Theorem 1.4). Since (a, b) is any component 
interval of R \ {dj}i , 8 = (a + e, b — e), and e > is arbitrary, then the singular spectrum 
(i s (T ) of T is supported on {aj}^ , that is a s (T ) C {a^}^. Thus, <J S (T ) is at most countable, 
hence a s (T ) = cr p (T ). But according to our assumption a p (T ) = and T is purely absolutely 
continuous. □ 

Corollary 3.5. Let a closed operator T on S) be similar to a selfadjoint operator To = Tq . 
Suppose additionally that T is completely non- selfadjoint, o~ p (T) = and there exists a closed 
at most countable set {aj}± CK, iV < oo, such that for any domain 

1 N 

V:={XeC: |A| > — } U |J{AGC: \X-aj\< e 3 } 

£■00 

with sufficiently small e^, S\, Ei, . . . , the following inequality holds 

sup ||0r(A)|| < oo. (3.14) 

A6C+UC_\D 

Then T is purely absolutely continuous, that is T is similar to the selfadjoint operator T with 
absolutely continuous spectrum. 
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Remark 3.1. It is shown in jJJJ that conditions ()3.3|) and (j3.4j) are equivalent to each other and 
even are equivalent to similar conditions obtaining by dropping the corresponding orthoprojec- 
tions 7r±. Note, however that in general condition (J3.13j) is weaker than each of the (equivalent) 
conditions (J3.3)) (|3.4j) and it is not sufficient for similarity to a selfadjoint operator (cf. [4"T]). 



3.2 Characteristic functions and similarity of J-selfadjoint operators 

In the case of J-selfadjoint operators conditions (J3.3|) . (|3.4|) and (|3.5|) can be weaken. The 
following two results are immediate from Theorem 13.21 and Theorem 13.31 respectively 

Proposition 3.6. Suppose additionally to the conditions of Theorem \3."A that T is a J - 
selfadjoint operator. Assume also that c(T) C M and at least one of the following four conditions 
is satisfied 

(i) Ci := sup \\e^(\)je T (\)\\ < oo, (a) c 2 ■.= sup \\e* T (\)je T (\)\\ < oo, (3.15) 

AeC+ AeC_ 



(Hi) C 3 := sup \\9 T (X)J9* T (X)\\ < oo, (iv) C 4 := sup \\9 T (X)J9^(X)\\ < oo, (3.16) 

Aec_ Aec+ 

Then T is similar to a selfadjoint operator T . Moreover, if T is completely non- selfadjoint 
then To has purely absolutely continuous spectrum. 

Proof. If two operators T\ and T 2 are unitarily equivalent, then any characteristic function 
9t 1 {-) of Ti is at the same time the characteristic function of T 2 . 

We prove only that conditions (i) and (Hi) are equivalent and C\ = C 3 . The equivalence 
(ii) (iv) and the equality C 2 = C 4 can be proved in just the same way. 

Since T is J-selfadjoint it is unitarily equivalent to T*, T* = JTJ^ 1 . Hence 9t(X) = 
9t*(X). On the other hand, it easily follows from (j3.ip . that 

0* (A) = J9 T *(X)J (= J9 T (X)- 1 J), X e p(T). 

This relation yields 

9* T (X)J9 T (X) = 9 T *(X)J9* T ,(X) = 9 T (X)J9* T (X). (3.17) 
It follows that C\ = C 2 - To complete the proof it suffices to apply Theorem 13.21 □ 

Corollary 3.7. Suppose additionally to the conditions of Theorem XS. ft that T is a J-selfadjoint 
operator. If o~(T) C 1R and 

sup ||0 T (A)|| < oo, (3.18) 

Aec+ 

then T is similar to a selfadjoint operator Tq. Moreover, ifT is completely non- self adjoint then 
T Q has purely absolutely continuous spectrum. 

Remark 3.2. Note, that four conditions (i), (ii), (iii), (iv) in Proposition 13.61 are equaivalent. 
This statement is implied by combining identity ()3.17p with Proposition 1.4 from |4"T] . 

In fact, it can proved using some reasonings from [IT] based on the resolvent criterion 
(see below) that for J-selfadjoint operator T only "half of either conditions (J3.3|) or con- 
ditions (J3.4j) is sufficient for T to be similar to a selfadjoint operator. Say, the condition 

sup \\ti + 9t(X)J9t(X)-k + (I < oo is sufficient for T to be similar to a selfadjoint operator. 

AeC_ 
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Next combining Proposition 13 .41 with Proposition 13. 61 we arrive at the following result show- 
ing that in the case of J-selfadjointness of the operator T condition (|3.6|) can also be weaken. 

Proposition 3.8. Let a closed J -self adjoint operator T on be similar to a self adjoint operator 
T = T *. Suppose additionally that T is completely non-self adjoint, er p (T) = and there exists 
a closed at most countable set {cij}i C R, N < oo, such that for any domain 

1 N 

V:={\eC: |A| > — } U |J{AGC: \\- aj \< Ej} 
with sufficiently small Eqo, £\, ■ ■ ■ , the following inequality holds 

sup |MA)||= sup \\j-e T (\)je* T (x)\\< oo. (3.19) 

\ec+\v \ec+\v 

Then T is purely absolutely continuous, that is T is similar to the self adjoint operator T with 
absolutely continuous spectrum. 

Proof. Since T is ^7-self adjoint, then combining condition (j3.13|) with identity (j3.17j) we get 

sup \\Lu e ,(\)\\= sup \\J - 9* T (\)je T (\)\\ < 00, (3.20) 

\eC-\v \eC-\v 

Following |H] it can easily be shown that both conditions 1)3.19)1 and (J3.20)) together yield 
condition ()3.fij) . It remains to apply Proposition 13.41 □ 



Proposition 3.9. Let S := A m [ n be a (minimal) symmetric operator defined by ()2.3j) and 
A = JL. Suppose that conditions of Proposition HT51 are satisfied and B = f ^ . Then 

(i) Bj = [ ? n) =: ^ an d the characteristic function 6a.{') °f the operator A admits the 



J , 
following representation 

n m _ 1 (M+(\)+M-(\) 2M+(A)M_(A)\ 

Ua[A) ~ M_(A) - M + (A) V 2 M + (A) + M_(A) J ^ 2L) 

(ii) The corresponding J -forms are 

u {\) :=j-e A {\)je* A {\) 

1 /4 ■ Im (M + M_ ■ (M+ + MJ)) 4iM + M_ - i\M+ + M _| 2 \ 

\M+- M_| 2 V i\M + + M_| 2 - AiM + M_ 4 • Im (M+ + M_) J ' ^ ' > 



^.(A) := ^-^(A)^(A) 

_ 7 1 f 4 ■ Im (M + + MZ) 1/.U. .U - / .U. • M 2 A f . 

\M+ - M_| 2 \z|M + + M_| 2 -AiM + M_ 4 • Im(M + M_ • (M+ + M_)) / ' l ' J 

(raj T/ie determinant det^(A) defined originally on p{A*), admits holomorphic continuation 
to the complex plane C and 

det# A (A) = l, AeC. (3.24) 
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Combining Theorem 13.21 with Proposition 13.91 we arrive at the following statement. 

Corollary 3.10. Let M± be as above. Then the operator A is similar to a self adjoint operator 
with absolutely continuous spectrum if the following two conditions hold 

Im(M + (A) + M_(A)) + |M + (A)| 2 ■ ImM.(A) + |M_(A)| 2 ■ ImM + (A) 
(a) SUP |M + (A)-M_(A)| 2 < °°' (3 - 25) 



A6C+ 



ImM+(A)-ImM_(A) 
SUP |M + W -M-(A)P < °°' (3 ' 26) 



Aec 4 



Proof. Note that vr ± := (/ ± J)/2 = \ . Setting for brevity P ^ := J - u *{\) 

and noting that J — ljq(X) = ^ ^ J we easily get 

7r +Wtf .(A)7r + = 7r + -l^ ~^ + ), 7r_ Wtf (A)7r_ = -tt_ - I ( ^ j , (3.27) 

where k + = a — ic + ib + d and = a + zc — zfe + d. Hence both k + and fc_ are bounded in C + 
if and only if so are a + d = k + + and b — c = i{k- — k + ). Note that 

c-b _ |M+(A) + M„(A)| 2 -4Re(M+(A) • M_(A)) _ 8 ImM+(A) • Im M_(A) 
|M+(A) -M_(A)| 2 ~ 1+ |M+(A) -M_(A)| 2 ' 



Im(M + (A) • M_(A) • (M+(A) + M_(A)) = |M + (A)| 2 • ImM„(A) + |M_(A)| 2 • ImM+(A). 
To complete the proof it remains to apply Theorem 13.21 □ 

Remark 3.3. (i) A weaker sufficient condition of similarity is implied by Theorem 13 .31 Namely, 
combining Theorem 13.31 with formula 1)3.21)1 we conclude that the condition 

f IM+ + MJ 1 \M + M\ } 

max < sup — — — 7 , sup ■— — — — r , sup — — — — r > < oo (3.28) 

\ Xe c+ |M_ - M+\ Aec + |M_ - M+| AeC P + |M_ - M + \ j 

is sufficient for the operator A to be similar to a selfadjoint operator with absolutely continuous 
spectrum. 

(ii) A counter part of identity ([3.24)1 for a discrete part A disc of the operator A, 
det 0A disc (A) = 1, is immediate from symmetry of its spectrum (see Proposition 12 . 5l yi) ) . How- 
ever, identity (j3.24j) is not predictable for operators with absolutely continuous spectrum. In 
the latter case 9a(-) is j-outer function while det 6U(A) = 1. 

Alongside the operator A we consider its "dissipative and accumulative parts". More pre- 
cisely, we consider extensions A± of S = A min determined by 

dom(A ± ) := {y G dom((S*) : 2y'(+0) = y'(-0) ± iy(+0), 2y(-0) = y(+0) T iy'(-O)} ■ 

(3.29) 

Proposition 3.11. Let S := A min be a (minimal) symmetric operator defined by ([2.3)1 and let 
M ± (-) be defined by ([2.6)1 . Let also II = {C 2 ,r ,Pi} be a boundary triplet defined by ()2.24l) . 
Then 
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(i) The operators A± defined by (|2.2|) are quasi-selfadjoint extensions of S and they are de- 
termined by 



A± = S* | dom A± , domi-t = ker^ — B±T ), and B± := ir±B 



1 f±i 1 



that is A± = Sb ± , where 



-1 ±% J 
(3.30) 



B 



1 
-1 



, J 



-iB 



-i 

1 



, and n ± :=(I±J)/2 = Ul i ^ 



(ii) Some of the characteristic functions of the operators A± are 

1-M+(A)M_(A) / 1 Ti 



0a ± (X)=I 



±i 1 



A ± (A) 

where A±(A) := 1 - M + (A)M_(A) ^ 2zM_(A). 
(iii) The operator A + (resp A_) is similar to a self adjoint operator if and only if 



(3.3i; 



(3.32) 



where 



inf |l-i$(A)| =: e > 0, 

Aec_ 



$(•) :=2(Mr 1 (-)-M + (-))" 1 e( J R). 



(3.33) 



Proof, (i) This statement is obvious. 

(ii) This statement is implied by combining formula (J3.1|) with (J3.3U|) and ([3.31)1 . 

(iii) First we note that by (|3.33|) 



sup 

Aec_ 



1 -M+(A)M_(A) 




1 


A ± (A) 




1 -i$(A) 



1 



< oo. 



Therefore it follows from ()3.32|) that condition ()3.33|) is equivalent to the boundedness of the 
characteristic function 0a+{~) m 

Now the result is immediate from the B.S. Nagy and Foias [HZ] criterion. □ 



3.3 Resolvent criterion 

It turns out, that in general conditions (|3.5)1 . ()3.3|1 . ()3.4j) are not satisfied for the operators of 
type (|2.2p . though such operators may be similar to a selfadjoint operator (see [4*T]). 

Our approach is based on the resolvent similarity criterion obtained in [121 and j3U] ( under 
an additional assumption this criterion was obtained in , another proof has also been obtained 
in (201 )• 

Theorem 3.12 (03BOJ). A closed operator T on a Hilbert space S) is similar to a selfadjoint 
operator if and only if a(T) C R and for all f e Sj the inequalities 

sup £• / \\K T {r ] + ie)f\\ 2 dr ] <K 1 \\f\\ 2 , sup e- / ^(77 + ze)/|| 2 dr/ < ||/f , (3.34) 
£>o Jm. £>o Jm 

hold with constants K\ and K u independent of f. 
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The following proposition is immediate from Theorem 13.121 

Proposition 3.13. A J- self adjoint operator T on a Hilbert space Sj is similar to a selfadjoint 
operator if and only if o~(T) C R and the following inequality holds 

sup £■ [ \\'Jl T (r ] + ie)f\\ 2 dr ] <K 1 \\f\\ 2 , f e Sj, (3.35) 

£>0 JR 

with a constant K\ independent of f . 

Proof. If T is a J-self adjoint operator, then T* = JTJ and the second inequality in (j3.34j) is 
equivalent to the first one. □ 

In the case of a bounded operator T we can slightly clarify Theorem 13.121 in the following 
way. 

Corollary 3.14. Let T = 7\ + iT 2 where T\ = T* and T 2 = T 2 G [Sj]. Then T is similar to a 
selfadjoint operator if and only if a(T) C R and for all f & Sj the inequalities 



sup e [ \\K T ( V + ie)f\\ 2 d V <K 1 \\f\\ 2 , sup el \\K T *(r) + ie)ff d V < K u 

0<e<2||r 2 || JR 0<£<2||T 2 || Jm. 

(3.36) 

hold with constants Ki and K u independent of f e Sj. 

In particular, a bounded operator T on Sj with o~(T) C R is similar to a selfadjoint operator 
if and only if inequalities fl3.3(ij) are valid with 2 1 1 CZ~2 1| replaced for any Eq > 0. 



Proof, (i) It is clear that 

(T - z)- 1 = (T x - z)- 1 - (T x - z)- 1 ■ T 2 ■ (T - z)-\ z e C+. 

It follows that 

|| (T " ^)"V|| 2 < 2||(T - ^)-V|| 2 + 211m - z)- 1 ■ T 2 ■ (T - z)- l f\\ 2 

< -^)-VH 2 + JI^f H^-^/ll 2 zeC +J fesj. 

In turn, this inequality yields ||(T — -z)^ 1 /!! ^ 2 1| (T\ — z) -1 /|| for Imz > 2||T 2 ||. Hence 
It is known that ||(T - ^) 1 1 1 < (\z\ - ||T||) _1 for | z\ > \\T\\. Hence 

sup e- [ \\n T ( V + te)f\\ 2 d V <4e- [ \\TZ Tl ( V + ie)f\\ 2 d V = 4tt ||/|| 2 . (3.37) 

e>2||T 2 || JR JR 

Combining this inequality with the first of inequalities ()3.34|) we arrive at the first of inequalities 
()3.36|) . The second one can be proved similarly. □ 

Remark 3.4. If T is a closed unbounded operator, then conditions ()3.34j) and ()3.36p are not 
equivalent, in general. In fact, there exists an operator T such that: 

(i) cr(T) c R ; 

(ii) conditions ()3.36j) are fulfilled; 
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(iii) conditions ()3.34|) do not hold and, consequently, T is not similar to a self-adjoint operator. 
Setting 

w(x) = 1, x G (—00, — 1) U (1, +00), 
w(x) = — 1, x G (—1, 1), 

consider the operator D w = —i^rpj ^ in L 2 (R). It was shown in [3U] that the operator D w has 
the properties (i) and (iii). It is not difficult to check that conditions ()3.36|) are fulfilled for D w . 

4 Eigenvalues and their multiplicities 

In j2UI321 the functional model for J-selfadjoint quasiself adjoint operator was given. The model 
is based on classical Sturm-Liouville spectral theory and the functional model for a symmetric 
operator given in Section 12.51 

Let £± be the spectral functions of Aq (see fJ2.8jl ). It follows from (j2.1()j) that they satisfy 

J22BJ. Let C± := [ —!—dE ± . We denote f ± := if*, ff := Ff ±,C± . From the definition of 

C± and (j2~29|) . we get 

fr/ = c ± f ± /+ / (/W-^K) dS ± (t)= / /(t)dE±(t) 

for / G dom(T s± ). Consider the operator A in L 2 (<i£ + ) © L 2 (<i£_) defined by 

A = f* + ®f*_ tdom(A), (4.1) 
dom(A) = {/ = /+ + /_ : / ± G dom(f * ± ), F+f + = f~./L, f +/+ = F7/- } 

(for the definition of T s± see Section |23|) . 

Proposition 4.1 ( [31, 152] ). 27ie operator A of type ()2.2j) unitary equivalent to the operator 
A. Moreover, 

{T„ © T+)A{TZ 1 © = A . (4.2) 

Note that we can write the Weyl functions of A in the form 

M ± (A) = M s±iC± (A) , A G C \ supp dE ± 

(see (PIP for the definition of M s±jC± ). 

Now we classify eigenvalues of T£. Let us introduce the following mutually disjoint sets: 

2l (S) = I A G a c (Q s ) : ^ |t - A|" 2 rfS(t) = ooj , 

2l r (E) = I A GV P (Q) : y |t-A|- 2 dS(t) < ooj, 2l p (S) = tr p (Q E ). 
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Observe that C = 2l (S) U 2l r (£) U 2l p (S) and 

Sto(E) = {A G C : ker(A^ - A) = {0} } , 
2l r (S) = {A G C : ker(A£ - A) = {c(t - A) -1 , c G C}} , (4.3) 
2t p (S) = {A G C : ker(^ - A) = {c X{ x } (t), c G C}} . (4.4) 

The following theorem gives a description of the point spectrum of A. 
Theorem 4.2 (HSl 132] )• Let A be given by (JO). 

1) IfX G 2t (S+) U2t (S_) ; iaen A G" er p (A). 

2) //A G 2t p (S+) n2t p (S_) ; then 

(i) A zs an eigenvalue of A; the geometric multiplicity of X equals 1; 

(ii) the eigenvalue A is simple (i.e., the algebraic and geometric multiplicities are equal 
one ) iff at least one of the following conditions is not fulfilled: 

S_(A + 0) - S_(A - 0) = S+(A + 0) - £+(A - 0), (4.5) 
■^—2 d£+(t) < oo, (4.6) 



R\{A} 



M\{A} 



\t-X\ 
1 



d£_(t)<oo; (4.7) 



(iii) conditions ()4.5|) . ()4.6|) and ()4.7|) ao/d true, taen tae algebraic multiplicity of A 
equals the greatest number k (2 < k < oo) such that the following conditions 



Jm\{x\ (t - A)^" 1 Jr\{\} (t - A)- 7-1 



(4.9) 



'R\{A} ^ — A r </R\{A} 

are fulfilled for all j G N H [2, k - 1]. 
3) ,4ss«me £aai A G 2l r (£+) n 2l r (£+). Taen A G a p (A) iff 



1 -tffi+(t) = / — *— - dE_(t) . (4.10) 



t — A J R t — X 

If (|4.1(J|) ao/ds true, taen t/ie geometric multiplicity of X is one and the algebraic multi- 
plicity is the greatest number k (1 < k < oo) such that the following conditions 



J 



1 - dE_(t) < oo, / . \.„ dZ+(t) < oo, (4.11) 



t-X\ 2 i ~ w ' J R \t-X\ 2 i 

1 dE_(f) = / dS + (t) (4.12) 



(*-A)* y R (*-A) 
are fulfilled for all jGNfl [1, k] . 
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4) If\E 2lp(E+) n2l r (E_) or A G 2l p (E_) fl 2l r (£+), tfien A £ <r p (A). 
It follows from Theorem 14.21 (as well as from Proposition 12.5)1 that 

{AGp(Q E+ )np(Q s J : M + (A) = M_(A)}= -(l)np(Q s+ ©Q s _)c - p (l). (4.13) 

It is easy to see that (|4.13jl and Theorem 14. 21 yield the following description of the essential and 
discrete spectra. 

Proposition 4.3 (EUGED- 1) °ess{A) = a ess (Q E+ ) U 0- ess (Q E _); 

2) a disc {A) = (a disc (Qx + ) n a disc (Q^_)) U {A G p(Q s+ ) n p(Q s _) : M+(A) = M_(A)}; 

3) i/ze geometric multiplicity equals 1 for all eigenvalues of A; 

4) if Ao G (o",ii S c(<5s + ) H cr,ii SC (Qs_)) , then the algebraic multiplicity of Xq is equal to the mul- 

tiplicity of Ao as a zero of the holomorphic function — — — ; 

5) if Xq G p(Qe+) H p(Qs_) #&en i/ie algebraic multiplicity of X is equal to the multiplicity of 

Xq as zero of the holomorphic function M + (A) — M_(A). 

Proposition 4.4. Lei A fre i/ie operator defined by ()2.2|) and Ao G C \ IR. Taen 

(i) p{A) ^ and A G p(A) n C± t/ and only if M + (X ) ^ M_(A ). 

(ii) The resolvent of A has the following form 

K A (X)f(.) = 7^- eA +(A)/(-) + G-(X)^.(; A) + G + (X)M; A), (4.14) 



where g ± {t) = (J-±f±)(t), f± : = P±f G L 2 (IR- t: ), and P± is the orthoprojection in L 2 (R) 
onto L 2 (R±). 

Proof, (i) This statement has already been proved in Proposition 12.51 

(ii) Let now A G p(A) and y(-, X) — (A — A/) _1 /(-). It means that y G dom(.Aj^ in ) and y is 
a solution of the equation 

(sgnx)(-y"(x) + q(x)y(x)) - Xy(x) = f(x) (4.16) 
subject to "glue" boundary conditions 

y(-0) = y(+0), y'(-0) = y'(+0) . (4.17) 

Hence, 

y(x, A) = (7^- eA +(A)/)(x) + G-(A)V-(x, A) + G + (A)^ + (x, A), 
where G ± (A) are the scalar functions. It is clear that 

y(±0, A) = (7^± (A)/±)(±0) + G ± (A)^ ± (0, A). 
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By (E3), we get 



V±(0,A)=M ± (A), ^V±(0,A) = -1. (4.18) 



Resolvent representation ()2.13|) yields 

(7^±(A)/ ± )(±0) 



^(t)tffi±(t) 



A t-x 

It follows from 7^±(A)/± G £>(^) and (gUD that £(TZ A ±(X)f±) x= ± = 0. Taking into 
account (j4.18|) . we see that conditions ()4.17|) take the form 

r(t)d^(t) , G - (A)M _ (A) = /^±W +G+(A)M+(A) 



t — X J R t — X 

G-(X) = G+(X) 

Since M + (A) ^ Af_(A), problem ()4.16|) - ()4.17|) has the unique solution y G dom(A^ in ) and it 
admits a representation (j4.14|) - (j4.15|) . □ 

Next we clarify Proposition 14.41 in the case of J-nonnegative operator A, i.e., if L > 0. 

Proposition 4.5. // i/ie operator L = —d 2 /dx 2 + q(x) is nonnegative, then the spectrum of the 
operator A = JL is real. 

Proof. Since L > we have A^^ = L^ in > and ^4~ in = — L^ in < 0. It is known that the 
Friedrichs extension L F of L^ n is generated by the Dirichlet boundary value problem, that is 

L% = (L± n )*rdom(L±), dom(L± = {f e dom(L± n )* : /(0) = 0}. (4.19) 

Setting r^/ = /(±0) and Tff = ±/'(±0) we obtain a boundary triplet IT ± = {C, T^, rf } for 
(-^min)* sucn that kerTp = dom(L^). Therefore the corresponding Weyl function m F belongs 
to the Krein-Stielties class S~ (see [H]). Hence, it admits the following integral representation 
(see |21!). 

m$(X) = C± + X / ±v / , / - ± Y < oo, (4.20) 



t - X J 1 + t 

with C± < 0. On the other hand, it follows from definitions that 

-M~\X) = -m-\X) = rrip (A) , Ml 1 (A) = -wT l {X) = m F {-X) (4.21) 

Combining (l4~27]j) and (fOT| we get 

Mr 1 (A) - M-\X) = m F (-X) + m+(A) 

where M(-) G (i?) since C± < 0. To complete the proof it remains to note that 
M+(A) - M_(A) = M+(A) • [Mr 1 (A) - M+^A)] • M_(A) = M + (A) ■ AM(A) • M_(A) ^ (4.23) 

for A G C±, since M±, Me (R). □ 

Remark 4.1. (i) Statement (i) of Proposition l4~4l is implied by (|4.13|) . However, we presented 
an elementary proof based on Proposition 12.41 

(ii) Note that Proposition 14.51 follows immediately from Proposition 14.41 and Proposition 12.21 
However, we presented another proof that is in a spirit of our paper and demonstrates 
applicability of Weyl function technic. Note also that in turn, Proposition 12.21 can be 
proved by using Weyl function technic similarly to the proof of Proposition 14.51 
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5 Similarity conditions for the operator A. General case. 



5.1 Similarity criterion in terms of Weyl functions. 

In the sequel we write A = 77 + ie, that is 77 = Re A, e = Im A. 

Combining Proposition 13.131 and Proposition 14.41 we arrive at the following criterion. 

Theorem 5.1. The operator A = (sgnx)(—d 2 /dx 2 + q(x)) is similar to a selfadjoint operator 
if and only if for all e > and g G L 2 (R, cE±) the following inequalities hold: 



Im M±(rj + ie) 



\M + (7] + te) - M_(r] + ie)\ 2 

Im M±(r] + ie) 
\M+(rj + ie) - WJj] + ie)\ 2 



g-{t)dE-(t) 



t - (77 + ie) 
g+(t)dZ + (t) 



t - (77 + ie) 



d V <K-\\g-f L2 



dr, < K + \\g + \\ 2 L2 



(<ffi_)> 



(d£+)> 



(5.1) 
(5.2) 



where K ± are constants independent of e and g- 



Proof. It is known (see |54| ) that for any selfadjoint B = B* with resolution of identity Ef the 
following identity holds 



£• J \\n B (7 1 + i e)f\\ 2 d V = n\\f\\ 2 , e>0, f G S). 



(5.3) 



It follows from (j4~T4]l that 

||^ A (A)/|| 2 - 2||^ A7eA +/|| 2 < 2||G-(A)^_(A) + G + (A)^ + (A)|| 2 

<4||^(A)/|| 2 + 4||^ A - eA |/|| 2 . 
On the other hand, it follows from (|5.3|) with B replaced by Aq © Aq that 

\\K A ( V + fe)/|| 2 di7-7r||/|| a < 



< e / || G (77 + ie)i/j-(rj + ie) + G + (r] + ie)ip + {rj + ie)\\ 2 dr] < 



< 2e J \\n A (ri + ie)f\\ 2 dr] + 27r 



(5.4) 



Since ip± G L 2 (R±,dx) and ||-0±(-, A)|| 2 2(R±) = ImM±(A)/ImA (see [3^]). we have 

||G-(A)^(-,A) + G + (A)7A + (-,A)|| 2 = 
= |G-(A)| 2 ||^_(-,A)|| 2 + |G + (A)| 2 |h 



|M + (A)-M_(A)P 



•,A)||- 



g-{t)dE4t)-g+{t)dE + {t) 



t-X 



ImM+(A) + ImM_(A) 
Im A 
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Combining this relation with ()5.4j) one concludes that ()3.35|) is equivalent to the following 
condition 



Im M + (77 + ie) + Im M_ (77 + is) 
\M + (r) + ie) - M_(r) + ie)\ 2 



g-(t)dL-{t) - g + (t)dZ + (t) 



R 



t— (77 + ie) 



2 



^CJ/H 2 , (5.5) 



where Cj is a constant independent of / and e. 

By definition, ||5 f± ||L 2 (dE±) = ||/±||l 2 (r ± ), where f± = P±f. Thus, condition (|5.5|) holds iff 
both (|5.2|) and 1)5.1 Jl are satisfied. □ 

5.2 Necessary conditions of similarity in terms of the Weyl functions 
and Hilbert transforms. 

Let £± = £ ac ± + £ s ± = Soc-t + £ sc ± + Srf-t be the Lebesgue decomposition of the measure 
£± into a sum of absolutely continuous, singular continuous, and pure point measures (see, for 
example, [S3])- 

Denote by S' ac (T>±) and S' s (Ti±) mutually disjoint (not necessarily topological) supports of 
measures £ ac ± an d S s± , respectively. 

Note that for almost all t G R the nontangential limit 

limM±(A) =: M±(t) 

A — >t 

< 

exists (see |18j). Since M + (A) ^ M_(A) on C + , we see, by the Luzin-Privalov uniqueness 
theorem (see e.g. [SH]), that 

M + (rj) M_(r}) a.e. on K . (5.6) 

Theorem 5.2. Lei £/ie operator A be similar to a selfadjoint operator. Then, the following 
inequalities hold 

J |M^-M } (t)P + (H(9 + ■ dH + )(t)\ 2 dt < Kt J lg+W'dE+it), (5.7) 

R 

/ IM+OO-Mft)!* + ■ ^-OWf* ^ jf l<T (t)\ 2 dZ-(t), (5.8) 

R 

constants K± and independent of g^ G L 2 (R, gE±) . 
Proof. Applying Fatou's theorem and using ()2.33|) we get 

lim f ffi dS±(t) = n ■ igHv^iv) + l H(g ± dZ ± )(r ] )] (5.9) 

ej.0 J t — [T] + IE) 

Passing to the limit in ()5.1|) (resp., ()5.2)1 ) as e — > and taking (J5.9j) into account we arrive at 
the inequality ()5.7|) (resp., (|5.8j) ). □ 

Corollary 5.3. Let the operator A be similar to a selfadjoint operator. Then 

ImM ± (t) 



M+(t) - M-(t) 



G L°°(R) . (5.10) 
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Proof. Let A be similar to a selfadjoint operator. Then inequalities ()5.7|) and ()5.8|) hold. By 
Fatou Theorem 7r£' ac _|_(t) = lmM±(t + iO) =: ImM±(t) for a.e. tel. Taking this relation into 
account and substituting in (|5.7j) (resp. ()5.8|) ) any real- valued (resp. g>^,) with (?„ c (t) = 
for t G S^(S-i-), we easily get 



(Im M ± (r])) 2 
\M + ( V ) - M_( V )\- 



\gUv)\ 2 -Kc±(v)dv<Kr [ \g± c (t)\ 2 -Kc±(t)dt. 

Jr 



Since this inequality holds for any g^ c G L 2 (IR, c?S ac _|-), we have 

|M+(t)-M_(t)P G ^ L ±))' ' ^ 

Inequality dSHJ) yields (I5~TUJ) since kM±(t) = for a.e. * G R\ ^ C (S ± ). □ 
Corollary 5.4. Let t/ie operator A be similar to a selfadjoint operator. Then, for all 



h* G L\R) n 
the following inequalities hold 



/ wZ M i\t)? |(m+)(t)|2dt s |ft+(t)|2 i^b) dt ' (5 ' 12) 

R 

/ |M + W- ± &)l' |(g *' )(t)| '' B " ^jO*™'™* (5 ' 13) 



where K± and K l are constants independent of 
Proof. Inequality ()5.7|) yields 
lmM±(t) 



\M+(t) - Af_(t)| 5 



(^ + -rfS + )(t)| 2 rft<^f / |s+(t)| 2 d£ + (t), 



(5.14) 



Choosing any (7+ with = for t G ^(S^.), and setting in (|5.14|) /i ± := gf 1 * 1 - (S' ac± ) we arrive 

at the inequality (|5.12jl . The inequality (|5.13|) is implied by (|5.8|) in just the same way. □ 

Corollary 5.5. Let E± = supp S^ c± be the topological supports of measures £ ac ±- // the 
operator A is similar to a selfadjoint operator, then 

Proof. If A is similar to a selfadjoint operator, then by Corollary 15.41 two- weight estimates 
(|5.12|) and (J5.13j) for the Hilbert transform are valid. Due to (J2.37j) the result is immediate 
from (15~T2J) and (15~T3J) . □ 

Due to Lebesgue theorem inequality ()5.15|) yields ()5.1()j) and therefore gives another proof of 
Corollary 15.31 In fact, it gives a new necessary condition of similarity to a selfadjoint operator 
and is stronger than (|5.10p . 

The following corollary gives one more necessary condition of similarity. 
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Corollary 5.6. Let A be similar to a selfadjoint operator and let 

1mM±(t) 
Wl±[t} : ~ \M + (t) - M_(t)f 

Then 

sup V x (w 1± ) ■ lmM ac± (X) = C < oo, (5.16) 

AGC+ 

wbere M ac± (A) := / ^£±^ A G C+. 

Proof. Note that ImM±(t) is finite for a.e. t G R and Px(IniMt) = ImM ac ±(A). We complete 
the proof by combining Corollary 15.41 with Proposition 12.81 □ 

Inequality (j2.40j) shows that condition ()5.16|) is stronger than (|5.15j) . 

Conjecture 5.1. We conjecture that under the condition adi SC {A) = inequalities ()5.7|) and 
(|5.8j) are also sufficient for the operator A to be similar to a selfadjoint operator. Therefore 
inequalities ()5.7J) and ()5.8|) reduce the similarity problem to two weight estimates for the Hilbert 
transform. 

Conjecture 5.2. Suppose that adisc{A) = and both measures gE + and c?S_ are absolutely 
continuous, £± = £ ac ± ■ Then conditions ()5.12j) and (|5.13|) are sufficient for A to be similar to 
a selfadjoint operator. 

5.3 Sufficient conditions of similarity in terms of Weyl functions. 

Consider an operator A given by A = A* min |"dom(A), 

dom(I) = {ye dom(A* mm ) : y(+0) = y(-0), y'(+0) = -y'(-O)} . (5.17) 
Proposition 5.7. The operator A is selfadjoint. For A G C\R the resolvent of A has the form 
K x {X)f = n A - &At {\)f + <5-(A)V-(A) + G + (A)^ + (A), (5.18) 

K J V ; M + (A) + M_(A)A t-X v ; 

where g±(t) = {F±f±){t), /± := P±/ G L 2 (R±). 

Proo/. Let n = {C 2 ,r ,ri} be a boundary triplet for S* := A* min defined by (J22H). Clearly, 
the extension A of v4 min determined by (j5.17|) . admits the following representation 

A = S*\ domA, domA = kei(T 1 - BT ), where B = ^ . (5.20) 

Thus, A is selfadjoint because so is B. 

The representation 1)5.18)1 for the resolvent TZ A (X) can be obtained in just the same way as 
representation for TZa(X) in Proposition 14.41 □ 
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Theorem 5.8. Suppose that 

|M+(A)+M_(A)| 
AeC P + |M+(A)-M_(A)| 

TTien t/ie operator A is similar to a selfadjoint operator. 

Proof. Since A and v4q © Aq are selfadjoint operators, we obtain from (j5.18j) and ()5.3|) 

e J \\G~~(r) + ie) ip_(r] + is) + G + (n + ie) ip + (r) + ie)\\ 2 dr) < 4ir 

r;GM 

On the other hand, it follows from (j5.19|) with f — f± that 



(5-21) 



(5.22) 



^{rj + ie)i) ± {rj + ie)\\' 



ImM+(A) +ImM_(A) 
ImA- |M+(A) + M_(A)| ; 



^(t)dS±(t) 



t - A 



(5.23) 
(5.24) 



Combining (J5.22j) with (j5.23j) we arrive at the following inequalities 



ImM± + Im M T (A) 
|M+(A) + M_(A)| 2 



^(t)dl!±(t) 



t — A 



^<47r||/ ± || 2 = 47r||^ 



±||2 



Combining these inequalities with (|5.21j) we arrive at estimates (j5.1j) and ()5.2|) . Thus, by 
Theorem 15.11 A is similar to a selfadjoint operator. □ 

Remark 5.1. The condition (J5.21j) is not necessary for similarity to selfadjoint operator (see 
Remark ED)). 

Remark 5.2. Note that sufficient condition (J5.21|) for similarity is weaker than either conditions 
(|3.25|) - (|3.26|) or conditions (|3.28j) obtained from Theorem 13.21 and Theorem 13.31 respectively. 
While these conditions guarantee a stronger result: similarity of A to an operator B = B* with 
absolutely continuous spectrum. 

Finally, we apply Theorems 15 . 31 and 15 . 81 to the case of the operator A with constant potential. 
Consider a family of such operators 



A(a) := (sgnx)(— d 2 /dx 2 + a), 
depending on a parameter a. 



a G 



(5.25) 



Proposition 5.9 ([28j,[29j). (i) The operator A(a) is similar to a selfadjoint operator if and 
only if a > 0. 

(ii) The operator A(0) is similar to the multiplication operator Q : f — ► xf(-) in L 2 (IR). 
Proof, (i) In the case under consideration the functions M±(A) are given by 



M±(A) 



V±A - a 



(5.26) 
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Since 

M + (X)-M^) = v ^ + J: ^ r ^O for A^R, 

Proposition 14.41 yields that the spectrum of A(a) is real for any 06K (see also 0). It is clear 
that M + and M_ are holomorphic on C\ [a, +00) and C \ (— 00, —a], respectively. Hence, by 
Proposition, we have 12.51 (iv) a(A(a)) = (—00, —a] U [a, +00), that is a(A(a)) = M. for a < 
and a(A(a)) — R \ (—a, a) for a > 0. 
If a > 0, then the function 

M+(A) + M_(A) 
M + (A) - M_(A) 

is bounded in C+. Thus, by Theorem 15.81 A is similar to a selfadjoint operator. 
Now let a < 0. Setting A = is and ie — a = pe 1 ^ we get 

M + (ze) - M_(ze) = ip~ 1/2 ■ [e"^ /2 - e^ /2 ] = 2p- 1/2 sin(0/2), 

and 

lmM + {ie) = lm(ip~ 1/2 e i(p/2 ) = p~ 1/2 cos(0/2). 

Hence 

lmM+(ie)(M + (ie) - M_(i £ ))- 1 = 2- 1 cot(0/2) 

is unbounded in any neighborhood of zero. Thus, by Corollary 15 . 31 the operator A is not similar 
to a selfadjoint operator. 

(ii) Let now A = A(0). Substituting expressions ()5.26|) in formula (|3.21|) for #a(-) and using 
the relation vA/ \J — A = —i, we arrive at the following formula for the characteristic function 

fcw-( (< -?vx (5 ' 27) 

It follows that 0a{-) is unbounded only near zero and infinity. Since the operator A has no 
eigenvalues, then by Proposition 13.41 for by Corollary 13. 5J) it is similar to a selfadjoint operator 
T = T * with absolutely continuous spectrum, a(T ) = a ac (T ) = R, cr s (T ) = o- p (T ) = 0. It is 
easily seen that the multiplicity of spectrum is one. Therefore T is unitarily equivalent to the 
multiplication operator Q. □ 

Remark 5.3. Using the Krein-Langer spectral theory of definitizable operators in Krein spaces 
Curgus and Langer [2] investigated the critical point 00 of differential operators with an in- 
definite weight. Their results imply similarity of the operator A(a) to a selfadjoint one if only 
a > 0. 

The case a = is more complicated since ^4(0) has two critical points: zero and infinity. 
Similarity of ^4(0) to a selfadjoint operator was established by Curgus and Najman jH] in the 
framework of Krein space approach. 

Other proofs of the latter result have been obtained by several authors (see [23 EHl ESI E5] ) ■ 
In full generality statement (i) of Proposition 15.91 has originally been proved by one of the 
authors |2*9~1 128j. by using the resolvent criterion of similarity (see Theorem 13.12}) . The proof 
given above is similar to that contained in our short communication [33] . 
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6 Restrictions of A to invariant subspaces corresponding 

to adisc(A) and a ess (A) 

Throughout this section we assume additionally that the following assumption is valid. 
Assumption 6.1. Suppose that the set adi SC (A) is finite. 

It will be shown in Section that this condition is fulfilled if the potential q is finite-zone. 

Since dist(a ess (A),adi S c(A)) > 0, we can apply the theorem on spectral decomposition (see 
[3U Theorem III. 6. 17]). That is there exists a skew decomposition L 2 (R) = f) = fi e +$)d such 
that 

A = A ess +A disC} A ess = A \ (dom(A) n fi e ), A disc = A \ (dom(A) n Sj d ) (6.1) 
and a (A disc ) = a diS c(A), o-(A ess ) = a ess (A). 

We denote by P e and Pd the corresponding skew projections onto fj e and S)d, respectively. 

Since <Jdi SC (A) is finite, we see that Adi SC is an operator in a finite dimensional space S)d- 
Jordan normal form of Adi SC is described in Proposition 14.31 (3)-(5). By Proposition 14. 'd\ we 
have a ess (A) = cr ess (y4^) Ucr ess (y4^). Thus a(A ess ) C R. This section is devoted to the question 
of similarity of A ess to a selfadjoint operator. 

Proposition 6.1. Let Assumption 16'. 1\ be fulfilled. Suppose Gd be a compact subset of C such 
that Gd H a ess (A) = and all X G adisc(A) are interior points of Gd- Suppose Q are dense 
subsets in L 2 (R, oE±). 

Then the following conditions are equivalent: 

(i) the operator A ess in S) e is similar to a selfadjoint one; 

(ii) the operator A ess P e in f) = L 2 (R) is similar to a selfadjoint one; 

(iii) the inequality 



[ \\n A ( V + ie)f e \\ 2 drj<C e 1 \\f e \\ 2 (6.2) 
Jr 



holds for all e > 0, f e G $) e with some constant C\. 
(iv) for all e > and g ± G the following inequalities hold: 



Im M± (rj + is) 



\M+(rj + ie) - M_(r/ + is) 



12 



g-(t)dE-(t) 



t- (r] + is) 



dr] < C 2 \\g (6.3) 



Im M±(r) + ie) 



ri+ie^G d 



\M + (rj + ie) -M_(r] + ie) 



9 + (t)dZ + (t) 
t - (i] + ie) 



dv<C+\\9 + \\h 



(6.4) 



where Cf are constants independent of e and g ± . 
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Proof. It is clear that (z) <^ (ii). 

Let us show that (ii) <^ (m). It can easily be checked that A ess P e is a J-self adjoint operator 
(see [HZ]). By Proposition 13.131 assertion (ii) holds if and only if for all e > and / £ Sj the 
following inequality holds 

£ y ||7W»j + ie)/|| 2 d77 < Cill/f , Ci = const. (6.5) 

K 

Clearly, ()6.5|) is equivalent to (|6.2j) . 

Now we show that (iii) <^> (zt>). Let / £ L 2 (M), / e = P e f, fd = Pdf ■ It can be shown in 
the usual way that there exist constants C*2, C3 such that ||7?.^/ e || = \\7Za fe\\ < C2||/e|| f° r 

C 3 

A £ G d , and ||7^A/d|| = P^-A dls Jd\\ < 1 - pn ||/d|| for A £ C \ G^. Therefore (jHHJ) is equivalent 
to 

£ y \\K A (r 1 + ie)ffdr 1 <C 1 \\ff, V/£L 2 (M),Ve>0. (6.6) 

r?GK 
r)+isgG d 

Arguing as in the proof of the Theorem 15.11 we see that condition ()6.6|) is fulfilled iff the 
inequalities (jOj) and (jOjl hold for all g ± £ L 2 (dY,±) and £ > 0. 

We show that it suffices to check ()6.3j) and ()6.4|) only for dense subsets Q ± . 

Let e > be a fixed positive number, X an open bounded set in R. Denote 
X e := {77 + «£ : 77 £ X}. Assume that X e D Gd = 0- Then (M + (A) — M_(A)) _1 is holomorphic on 
X e . By the Schwarz inequality, the operators 

. + (ImMi^ + te)) 1 / 2 [ g+{t)dZ + (t) 



M+(r/ + is) - M_(?y + ie) J VL t-(r) + is) ' 

are bounded from L 2 (M, d£ + ) to L 2 (l £ ,drj). 

Suppose that Q + is dense in L 2 (rfE + ) and ()6.4|) is fulfilled for Q + . Then H-Kjll < for 
all e > and for all X. This imply ()6.4)1 for all g 1 * 1 £ L 2 (eE±) and e > 0. In the same way we 
can prove that (|6.3|) is equivalent to the inequality (|6.3|) for all £ L 2 (dT,±). □ 

Recall that o~ ac (T) and cr s (T) are the absolutely continuous and singular spectra of a self- 
adjoint operator T. Evidently, 

a ac (A±) = suppd£ ac± , a s (A^) = supp(d£ sc± + dE d ±). 

Note that a ac (A^ ) C cr ess (y4Q ). Therefore, by Proposition 14. 3( we have 

supp<i£ ac _ U suppc/S ac+ = o- ac (A © Aj) C cr ess (A). (6.7) 

Proposition 6.2. Let Assumption 16. il 6e fulfilled. Suppose the operator A ess is similar to a 
selfadjoint operator. Then 

lmM ac± (t) 



M + (t)-M_(t) 



Taking into account ([6.7)1 . we see that this theorem can be proved in the same way as 
Theorem 15.31 
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Assumption 6.2. In what follows we assume that 



d£_ = d£ ac „ + dT, d _, suppc?E d _ = {0- N g < oo, 



and dT, + = dT, ac+ + dE d +, supp(iE d+ = Ng < oo. 

Then M±(A) = M ac± (A) + M d± (X), where 



M ac± {\) = [ , and Mat (A) = V) 



Let us introduce the sets 



j=l 3 



{9f}^ :={ef}f\a disc (A); (6.9) 



3 Ji ' I 3 

here iV^ 1 < oo. (these sets will be used in Theorem 16. 3j) . 

Recall that we denote the Smirnov class on C + (see Subsection 12. 6j) by Af + (C + ). 

Theorem 6.3. Let Assumptions \6.1\ and \b\"A be fulfilled. Let G d be the compact set from 
Proposition 16'. il 

Suppose there exist functions U + (X) and U-(X) on C + such that the following conditions 
hold: 

lmM ac± (X) ^ ^ UUJ , 2 



<Cl\U ± (X)\ 2 , XeC + \G d , (6.10) 



|M+(A)-M_(A)| ; 

U±(X)eM + (C + ) } (6.11) 



^GL 2 (M), J = l,---,iV-; M a2(R)) j = l,---,N+, (6.12) 



3 3 



where C\ are constants. 

Suppose there exist functions w + (-) andw^(-) on K , w±(t) > a.e., such that the following 
conditions hold: 

w±(t) < C±(^lc±(*)) _1 a.e. on suppcffi ac± , (6.13) 
w+(t) and u>_(i) satisfy the (A 2 ) condition (see ()2.35|) ). (6.14) 

^ e L°°(R), ^4 e ; ( 6 - 15 ) 



w±(*) " w±(t) 



where C± are constants. 



Suppose that for every point 9f of the set {9^}i e , there exist a function U^(X) G Af + (C + ) 
and a neighborhood D • of the point 9f such that the following conditions hold: 



3 ■> j 
1 . I 



_ f __ Im _^_< C? | W /TA £ D f nC + , (6.16) 
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\u?(t)\' 

w+(t) 



g L c 



w.(t) 



g L c 



(6.17) 



1 



\9f- A| |M+(A) -M_(A)| 



< forXeDfnC 



+ • 



(6.18) 



where Cg and C^f are constants. 

Then A ess is similar to a selfadjoint operator. 

Proof. Let us show that (J6.3)) and (J6.4|) hold. 

Let A = r] + ie, r\ = Re A, e = Im A. 
1) Denote 



lmM ac± (X) 
|M+(A) -M_(A)p 



S+( S )d£ + ( S ) 



s - A 



efy, G L 2 (d£+(t)) . 



Let 



Q+ := G L 2 (M,ciE ac+ (t)) : (g + E' ac+ ) e L 2 (M,^)}. 



Then the set Q+ := Q+ © L 2 (M, cE d+ ) is dense in L 2 (R, dE+(t)). 



First we show that 



Let us denote 



Zfc(e) < C 2 + ||^ + ||i 2 



(<ffi+) 



for g + G Q" 



(6.19) 



*T(A) := U ± (X) f 



ff + (t)cffi QC+ (£) 

t-x 



K d ± (X) := U ± (X) [ 
Jr 



g+{t)dZ d+ {t) 



t-X 



K ± (X) :=K a ± c (X)+K d ± (X) = U ± (X) [ 



g + (t)dz + (t) 
t-x ' 



By ffOTjl . we have 



2"±(e) < / l^±(A)| 2 ^. 

./R 



(6.20) 



It follows from U±(X) G A/" + 
limit U±{rj) for almost all 77 G 
Therefore, 



_i_) that U±(X) is holomorphic in C + and has the nontangential 
(see PU). Since G Q+, we have (t) G L 2 (R,dt). 



g+(t)dZ ac+ (t) 
t-X 



G # 2 (C + ) . 



It follows from 18, Corollary II.5.6] and [HI Corollary II.5.7] that K^(X) G A/"+(C+). The 
functions (0j — A)^ 1 are outer in C+. Therefore fHJ Corollary II. 5. 6] and Lemma 12.101 yield 
Ki(X) G A/"+(C+). Hence K^ C (X), K^(X), and K±(X) belong to A/"+(C+) and have the nontan- 
gential limits K± (■)]), K±(t]) and K±(rj) for almost all 77 G R. Note also that 



:= 7rf/ ± (r/) (^(r/)S' ac+ (r/) + tt(<? + £' oc+ )(?7)) for a.e. rj G E. 



(6.21) 
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Assume that the following inequality holds 

/ \\K ± ( V )\\ 2 d V <C+\\g^l 2{dS+) . (6.22) 

JR 

Then, by H3 Section II.5], we have K±(\) E H 2 (C + ) and for all e > 

/ \\K ± ( V + ie)fdrj < \\K ± (X)\\ 2 H2(c+) = \\K±( V )\\l m < C+\\g + \\ 2 L2(dj:+) . 

Combining this with ()6.20|) . we see that ()6.22|) yields (j6.19|) with a constant independent 
of g+ e Q + . 

Let us prove ff6~2"2"J). By ffFTT2]l. we have 



I^(*7)IIl»cr) < c*J> + (#) + o) - £+(0/ - o)) 1/2 < 



< where Cf\/N+ \\g + \\ L 2(ds + ); 



(6.23) 





1 


#-17 


L 2 (R) J 



< oo. 



3=1 



Cf = max j(£ + (0+ + 0) - £ + (0+ - 0)) 1 / 2 

It follows from ()6.13|) that 

ll# + (^)£ac+(*)lll, 2 (TO + (t)<it) ^ ll5 ,+ llL 2 (dS ac+ ) ^ llfi ,+ lli 2 (ds+) • 
Since G (A 2 ), we have 

n^(^s' ac+ )(t)iii 2(w+Wd4) < dWg+m^m 

where C% is a constant independent of g + . It follows from ()6.25|) and (j6.21|) that 



< 



u 2 ± (v) 



<2(1 + C l ] 



\K^{r])\ 2 dr] < 
\g+(v)E' ( V ) + H(g + E' )( V )\ 2 w + (rj)d V < 



u 2 ± (v) 



1 9 + (V) ^'ac+ {V) 1 1 1 2 (w+ (v)d V ) 



Combining (pT^Hjl . (ffiTHJl . and $£2M, we get 

/ |^ c (^)| 2 ^<C 2 ||^||i 2(d2+ 
Jr 



) ' 



(6.24) 



(6.25) 



(6.26) 



where the constant Ci is independent of g + . Taking into account ()6.23|) . we obtain ()6.22|) . 
Let us remember that ()6.22|) implies ()6.19|) . Thus (|6.19|) is proved. 
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2) Denote 



Zd±(e) 



ImM d± (A) 



|M + (A)-M_(A)P 



s - A 



r]+ie<^G d 



Let us show that 



X rf± (e)<C3||^ + ||i 2((JS+) for g + EQ" 



(6.27) 



(here and below C 3 , C 4 , ... are some constants). It is suffices to prove the inequality ()6.27|) for 



each summand, i.e., 



Im 



|M+(A) -M_(A)| 2 9f-X 



g + (s)dZ + (s) 



s- A 



^ < C 4 |b + ||| 2(dS+) (6.28) 



r)+ie<£G d 



forj = l, ...,JV* 

Assume Of £ a,n sc {A). Then 



Im 



1 



Of-X 



<C 5 lmM ac± (X), XeC + \G d . 



Thus (I6~2^|) follows from (l6~T3j) . 

Assume df £ a disc (A). In this case, df E {6^}f s . Let k be such that 6^ = &£■ By 
assumptions of the theorem, conditions (j6.16jl . (j6.17jl . and (16. 18 J) hold. It is easy to see that 



Im 



<C 6 ImM ac± (A), AeC + \^. 



Therefore f)6.19|) implies 

/ 



Im 



|M + (A)-M_(A)| 2 e±-X 



g + {s)dH + {s) 



s-X 



dr\ < 



r/+ieg(D±UG d ) 



By (jOSjl . we have 



< 



C4||0 + ||z,2( {E+) • 



Im 



< 



e 



|M + (A)-M_(A)| 2 9±-X 



g + (s)dT, d+ (s) 



s-X 



drj < 



(6.29) 



»7GK 



(^-77) 2 + £ 2 |M + (A)-M_(A)| 2 |^-A|^ 



-A) 



5f + (s)rfS d+ (s) 



M 



g-+(s)dE d+ (s) 



s-A 



s — A 



CZ77. 



(ir/ < 



(6.30) 
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We may assume that 
Therefore, 



0£ - A) 



5f + (s)rfS d+ (s) 



s — A 



If we combine this with properties of Poisson kernel (see [TBJ Section 1.3]), we get 



(0* " + ^ 2 

Using flOp) and (jOljl . we get 
1 



g + (s)<n: d+ (s) 



s - A 



< 7rC 7 ||5 ,+ ||i2 



(d£+)- 



/ 



Im 



|M+(A)-M_(A)|* #±_ A 



g-+(s)dS d+ (s) 



s - A 



The inequality 



Im 



|M + (A)-M_(A)| 2 Of - X 



g + (s)<n: ac+ (s) 



s - A 



^<C 9 ||^ + ||i 2((iS+) (6.33) 



(6.31) 



*7 < ^rCf C 7 |b + ||! 2(dS+) . (6.32) 



follows from ()6.16j) , 1)6.17)1 , and (J6.14)) in the same way as (J6.26)) follows from ()6.10j) , 1)6.12)1 , and 

(OH). 

Combining pi| . ()Q2)l and we get l|Oty . Thus ()6~27)l is proved. Inequality ()Ojl 

is proved. Inequality ()6.3j) can be shown in the same way. Thus Proposition 16.11 yields that 
A ess is similar to a selfadjoint operator. □ 



7 Indefinite Sturm-Liouville operators with finite-zone 
potentials 

7.1 Spectral properties of A ess and Adi sc 

Let L = —d 2 /dx 2 + q(x) be a Sturm-Liouville operator with a finite-zone potential q (see 
Subsection 12.4)1 . 

In this case, we have 



a(A%) = a ac {A±)Ua disc {A±), 



(7.1) 



^ac(A^) = -a ac (A ) = a(L) = [A ,Ai] U [hi, L] U ■ ■ • U [/%,+oo), 



(7.2) 



<7 d is C (A±) = {±rj : r, ^ {{i k }» U {Ajf , Q(r,) ± iJllfa) * 0} =: {6±}f . (7.3) 
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+oo 

Let M(z) be a (multivalued) analytical function. If M(z) = Yl m k( z — a) k ^ n in a suffi- 

fc=— oo 

ciently small neighborhood of a point a G C, then we say that the number 

1 1 

— inf {k : rat 7^ 0} ( inf {k : 7^ 0}) 

is i/ie generalized order of a zero (pole) of the function M(z) at the point a. Recall that the 
functions M±(A) are holomorphic in p(A^). For rj G a(A^), we set M±(rj) := M±(?7 + iO). 
Note that in the case of a finite-zone potential q the functions M±(A) can be continued on C 
as multivalued analytical functions with finite number of poles and finite number of branch 
points. Let us denote these continuations by M±(A). Then 

{±fj,j}Q U {±{ij}i are the sets of branch points for M ± (A); 

{±£j}f fl ({±/ij}^ U {i/tj}^) are the sets of zeroes of the generalized order 1/2 for M±(A); 

{±rj}^ fl ({i/i -}^ u {iA?}^) are the se ^ s °f poles of the generalized order 1/2 for M±(A); 

are the sets of poles of the first order for M±(A); 

{±^j : ^ {/t fe }^ U {/ifc}^? "F ^a/-R(^) 7^ 0} are the sets of zeroes of the first order for 

M ± (A). 

We will say that A is a generalized zero (pole) of M± if the generalized order of a zero (a 
pole) at Ao is positive. 

We denote by M± the holomorphic continuation of M±(A) from C + to 

C\{A: ImA<0, Re AG {±^}^ U {±^}f } . 

Theorem 7.1. Let L = —d 2 /dx 2 + q(x) be a Sturm- Liouville operator with a finite-zone po- 
tential q. Let A = (sgnx)(— d 2 /dx 2 + q(x)). Then: 

1) The operator A has finite number of eigenvalues, 

* P (A) = ({9+}^ n {9-}^) U {A G p(A+ © A') : M + (A) = M_(A)}. (7.4) 

2) T/ie eigenvalues of A are isolated and have finite algebraic multiplicity, the geometric mul- 

tiplicity equals one for all eigenvalues of A. 

3) If \o G p(A~%) fl p(A 2 ), then the algebraic multiplicity of Ao is equal to the multiplicity of Ao 

as a zero of the holomorphic function M + (A) — M_(A); i/Ao G {^ji^ nj^jf* ? £/ien t/ie 
algebraic multiplicity of A eona/ to t/ie multiplicity of A as a zero 0/ £/ie holomorphic 

functwn M^ixj ~ JE(xy 
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4) There exist a skew decomposition L 2 (IR) = fi e +$) d such that 

A = A ess +A disc , A ess = A \ (dom(A) n fi e ), A disc = A \ (dom(A) n $> d ), 

a(A disc ) = a disc (A), o(A ess ) = a ess (A). (7.5) 

Besides, S) d is a finite- dimensional space. 
Proof. The spectral functions £± have the forms £±(i) = £ ac ±(t) + Sd±(t), where 

* G± U(Ai,fe+i) 

Sl c± (t) = <( . (7.6) 

0, t^±Uh,^] 

j=0 



Here the branch of multifunction a/ i?(±A) is chosen such that S' ac± (t) > a.e. (see [21], [HE])- 
Consequently, 



JV 

,r I 



s; c± (t)xi (f-fc), t e±|Jfe^ + i)> (7.7) 

3=0 

Kc±(t) * \t - t Q \ l l\ ± {t - t ) (t-tb), to e {i^ \ {ir,^, (7.8) 
K c ±(t) ~\t- t | 1/2 X T (t - to) (t - to), to e {±^.}f \ {ir,}* (7.9) 
E' ac± (t) x |t - t r 1/2 X±(t - to) (t - t ), to E {±fiX n {ir,^, (7.10) 
S' ac± (t) x |t - t |- 1/2 X T (t - t ) (t - t ), t G {±^-}f n {±tj}». (7.11) 

Therefore, 

K\{»7o} 

Combining this with Theorem 14.21 (1). we get 

ap(A) C C \ (a ac (A+) U a ac (A^)) = C \ a ess (A). 

Thus, Proposition 14.31 yields ([7.4)1 . 

Taking into account (|2.17|) . we can write the equation M + (A) = M_(A) in the form 

P(A) _ P(-A) 



where P, Q, and R are polynomials. Thus the equation M + (A) = M_(A) has finite number of 
solutions. Therefore the set cr p (A) is finite. Statement (1) is proved. 

Statements (2) and (3) follow from Statement (1) and Proposition l4.3l Statement (4) follows 
from statements(l), (2), and (|6.1j) . □ 
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Theorem 7.2. Let L = —d 2 /dx 2 + q(x) be a Sturm- Liouville operator with a finite-zone po- 
tential, let A = (sgnx)(—d 2 /dx 2 + q{x)). Then the following statements are equivalent: 



(i) The operator A ess is similar to a selfadjoint operator; 



(ii) The following conditions are satisfied 



lmM± 



e L°°(R)- 



(7.12) 



M+(t) -M_(t) 



(iii) The function M+(A) — M_(A) has no generalized zeroes in 



v It It 

(-00, -n N ) U (-/%, U • • • U -/x )U 

U (/i , /t x ) U (/t 1; /t 2 ) U • ■ • U (Ji N , +00) , 



has no zeroes of the generalized order more than 1/2 in the set 



(«W U {^}f ) \ {r,}^) U U {-^}f ) \ {-r,}?) , 



/jas po/es 0/ generalized order greater than or equal to 1/2 at iae points of the set 



(«W u {A,}f ) n fa}?) u u {-^.}f ) n {-r,-}?) . 



Combining Theorem 17.21 with Corollary 13.51 we arrive at the following result. 

Corollary 7.3. Under the conditions ()7.12j) the operator A ess is similar to a selfadjoint operator 
with absolutely continuous spectrum. 

Proof. Consider the decomposition (|6.1|) and note that the subspace Sj e in ()6.1|) is invariant for 
the operator A, Sj e e Lat A. Alongside the skew decomposition ()6.1|) we consider the orthogonal 
decomposition fj = 5} e (BSj-jr. According to this decomposition the characteristic function 9a(-) 
of the operator A admits the factorization 9a(X) = 9 1 (\) ■9 2 (X) where 9\{-) is the characteristic 
function of the operator A ess = A\Sj e and #2(') is the characteristic function of the operator 
A 2 := P2A\S)jr, where P2 is the orthoprojection in fj onto S)^. Note, that ^(O = 0A 2 (") is a 
finite Blaschke product since a(Adi. S c) is finite. 

It follows from ()2.18|) that M + (-) (resp. M_(-) ) admits a continuous extension to the real 
line with exception of the set of (real) zeros {sk}i +1 (resp. {— Sk}i +1 ) of the polynomial 5(A) 
(resp. S(—\)). Moreover, it is clear from the formula (|3.21|) for the characteristic function 
9a{X) that real singularities (resp. poles) of 9 A (X) coincide with the set of real (resp. non-real) 
roots of the function 



In particular, the numbers of real singularities and poles of 0a{') are finite. 

Note, that A* 2 = A*\Sjj and 9 2 \\) = 9 A *(\) is a finite Blaschke product too. Therefore 
the sets of real singularities of functions 9(-) and #i(-) = 9(-) ■ ^ 1 (-) coincide. In particular, 
#i(-) may have only finite number of singularities and we can apply Proposition 13.41 Therefore, 
combining Theorem 17.21 with Proposition 13.41 we obtain that A ess is similar to a selfadjoint 
operator with absolutely continuous spectrum. □ 



F(X) = P(\)Q(-\) +lP(\)^/R(^ - P(-\)Q(\) +lP(-\)^/R(Xj. 



(7.13) 
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Corollary 7.4. Let L = —d 2 /dx 2 + q(x) be a nonnegative Sturm- Liouville operator with a 
finite-zone potential q. Then the operator A = (sgna;)L is similar to a self adjoint operator with 
absolutely continuous spectrum. 

Proof. By 1|TE|) . we have supprfS ac± (t) C R± and Im M±(t) = TiY>' ac± {t) for almost all t E R. 
Therefore, 







Kc±(t)\ 2 


|M+(t) -M_(t)| 2 - 7T 2 j 


^ c± (t)l 2 + 


ReM + {t) -ReM_(t)\ 2 



for almost all i el. Thus, by Theorem 17.21 A ess is similar to a selfadjoint operator. 

The operator A is J-nonnegative. Besides, L has an absolutely continuous spectrum (see, 
for example, |SS1)- Hence, kerL = 0. Combining this with Proposition \2.2\ we see that all the 
eigenvalues of A are real and simple. Therefore, by Theorem 17. 1| the operator Adi SC is similar 
to a selfadjoint operator. Thus, A is similar to a selfadjoint operator. □ 



7.2 Proof of Theorem Q 

The implication (z) =^> (zz) follows from Proposition 16.21 

(zz) =>- (in). It follows from f)7.7j) and ()7.12|) that there are no generalized zeroes of the 

function M + (A) — M_(A) in the set UjL (fij, f^j+i)- Likewise, it follows from (j7.7J) and (|7.12|) 

that there are no generalized zeroes of the function M + (A) — M_(A) in the set UjL (—fij +1 , —fij)- 

It follows from (f7TKjl . IfHty . and (I7712|l that the function M+(A) - M_(A) has no zeroes of 
generalized order greater than 1/2 in the sets 

{{Pj}Zutij}?)\{Tj}Z and ({-^U{-^)\{-rX- 
It follows from (fTTTljl . (|77H]l . (fTT^jl . and f|77T5f> that all the points of the sets 

({fe}^ u {^-}f ) n {rX and ({-^^ u {-^}f ) n {-t.K 

are generalized poles of M + (A) — M_(A). The generalized orders of these poles are greater than 
or equal to 1/2. 

(Hi) =^ (z). By Theorem 17.11 (1). Assumption (J6.1)) is fulfilled for the operator A. It follows 
from (|7. 1|) that we can apply Theorem 16.31 

Let Statement (iii) be fulfilled. We construct the functions U±(X), w±(t), Uj and the sets 
Gd, such that all the conditions of Theorem 16 . 31 hold true. 

Let Gd be any compact set such that a ess (A) fl Gd = and all the points of the set o~disc(A) 
are interior points of Gd- 

The set o~di S c(A) fl C + is finite. Besides, 

o~disc(A) n C + = {A g C + : M + (A)-M_(A) = 0}. 

Let -Be (A) be a finite Blaschke product (see [IB]) with the same zeroes in C + as M+(A) — M_(A). 
Then M + (A) — M_(A) = Bc(X)Mi(X), the function Mi (A) being holomorphic on C+. Besides, 

1 EH{C+), Mi(A)x(M + (A)-M_(A)) (AgC + \G+), (7.14) 



Mi(A) 
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where is any compact subset of Gd H C + such that all the points of the set adisc(A) fl C + 
are interior points of G^. 

The set (Jdisci^t) H (Tdisc(A 2 ) = {6^}^" fl jf 8 is finite. By Theorem 17. this set is a 
subset of cruise (A). Let 

{Oj}?=i := VdisMt) n a diSC (^2 ), 7V e < oo. 

Each point of the set {Oj}f=i is either a pole of the first order or a removable singularity of the 
function M+(A) — M_(A). By /tj denote the generalized order of a zero of M + (A) — M_(A) at 
Qj. Then ^ G {-1, 0} U N, j = 1, . . . , N e . By Theorem ITU we have 

{Of}? = {df}^ \ {dj}i e 

(the sets {9f}f e are defined by (j6.9|0 . 
Put 

{# = (tn, &c (i))\{#. 

The functions M±(A) are regular at 6*j and M + (6j) — M_(0 3 -) = 0, j = 1, . . . , A^. Let us denote 
generalized order of 9j as a zero of M + (A) — M_(A) by Kj (clearly, G iV). 
Put M 2 (A) := M 1 (X)/B e , where 

/i,(A) : 



3(A-(^-< ei )r +i n fA-(^-i £l ' 

i=i i= i v 

Here and below £i is an arbitrary fixed positive number. Taking into account (j7.14|) . we get 

G H(C+), M 2 (A) x (M + (A) - M_(A)) (A G C + \ (7.15) 



M 2 (A) 
Denote 

Pl :=p(L)Up(-L) . 

* * ~ 

If A is a generalized zero of M+(A)-M_(A) and A G p u then A G {^I^M^lf^. Moreover, 

* * 

it follows from Statement (iii) that the function M+(A) — M_(A) has no generalized zeroes in 
the set 0"i := cr^ U erf , where 

AT 

of" := ± [j(hj^j+i) 

3=0 

are the sets of interior points of the spectra cr(±L). Therefore the definition of Bg imply that 

M 2 '\\) = 0{1) (A^Ao) VAoGprUfT!, (7.16) 
M 2 (A)x(0f-A)- 1 (A-0±), j = l,...,N?. (7.17) 

Let us explain formula (|7.17|) . If 6^ G {^j}^ 9 , the formula (|7.17|l follows from the definition of 
the function B e . If 9f G {Of}f e , the asymptotics 

M ± (A) x (0± - A)" 1 , M T (A)=0(1)(^-A)- 1 / 2 (A - 0±) 
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and (|7~T1) imply flTTTf) . 

Let us denote 

{Cf}f c± := G {±Il 3 }q U {±^}f : z is a generalized zero of M+(A) - M-(A) J . 

By Statement (iii), the generalized orders of all the zeroes are equal to 1/2. It follows from 
Statement (iii) and asymptotics for M±(A) that 

{Cf } C ({±^}f U {i^-jf ) \ ({0f }f** U aO- (7.18) 

Denote 

{C,}f c := {C+}f c+ n {C"}fS {Cf,}^? := {Cf}f c± \ {Qi c ■ (7-19) 

Statement (iii) imply C,f G" <xi. Besides, 

(f t {Qi c = {0f n ({t^ u {Ti,}f ), 

therefore £j G , where 

N 
3=0 

Put 

n (a - ^) n (a - cf) 



^/R{±\) j=l 3=1 

M±(A) := ^±aT < ' (r 0) 

n(A-(^-<ei)) n(A-(c/-^i)) 
j=i i=i 

Now we define U± by 

V^(A) 



M 2 (A) ' 



Let us check conditions (jfi.K)j) . (jfi.llj) . and (|fj,12jl . All the asymptotics given below are 
considered on C+, unless otherwise specified. 

Lemma 7.5. Let Statement (iii) be true. Then condition ()6.10|) is fulfilled, i.e., 
Proof. By ()7.15|) . condition f)6. lUj) is equivalent to 



ImM ac± (A) = 0(1) u±(A), (A G C+ \ G d ). (7.21) 

Since 

M ac± (A) x M±(A) x |A|- 1/2 (A^oo) (7.22) 
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and u±(A) x |A|~ 1/2 (A — > oo), (7.23) 



ImM ac± (A) nnw , v 

we nave -r— - — = Oil) (A — > oo). 

u±(A) 



If A G (C+ \ G d ) \ I {±L}* U {±A -}f U {C?}^ ) , then 



ImM ac± (A) = 0(l) (A-^Ao), «±(A) x 1 (A -> A ). 

Let A G ({±^}^ U {±/t,}f ) \ {±r,}^. Then (jHED yields 

ImM ac± (A) x ImM±(A) = 0(|A - A | 1/2 ) (A -> A ); 

besides, u±(A) x |A-A | 1/2 (A — > A ). 
Let A G ({±^}^ U {±4>f ) n {±7}}^. Then fl2~TSl) yields 

ImM ac± (A) x ImM ± (A) = 0(|A - A |- 1/2 ) (A - A ); 

besides, u ± (A) x |A- A r 1/2 (A — > A ). 

Let A G {Cf } • Then dUIHI) and yield 

ImM oc± (A) x ImM±(A) = O(ImA) = 0(A - A ) (A -> A ) . 
On the other hand, 

M± (A)x|A-A | (A-Ao). 
If we combine all these estimates, we get (|7.21j) . Thus fjCj.l(J|) is proved. □ 
Lemma 7.6. Condition ()6.11|) is fulfilled, i.e., U±(\) G J\f + (C + ). 
Proof. The functions U±(X) are holomorphic on C + by definition. Since 

M+(A) -M_(A) x |A|- 1/2 (A->oo), 
f)7.23j) imply the following formula 

C/±(A) x |A| 1/4 (A -> oo). (7.24) 
Condition (|6.1 lj) follows from (j7.24j) and Lemma f2. Ill □ 
Lemma 7.7. Let Statement (Hi) be true. Then condition (jdl2)) is fulfilled, i.e., 

^GL 2 (M), j = l,-, Ni; ^GL 2 (R), J = l,---,iV+. 
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Proof. The definition of the polynomial S(X) imply 



|«±(A)| 



n IA-A0I 1 / 2 

(±Ao)e({^}^U{L}f)\{r 3 -}^ 



■ X 



n 



\\-\o\v* niA 



(±A )G{r i }^n({A J .}^u{A j }f) 



3=1 



n ia-c/i 



(7.25) 



nit-(cf-fei)! 1 / 2 



It follows from (fT25jl . fl7~T6l . (fT2njl . (|7T7jl . Statement (iii), and the definition of {Cf }i c that 



U ± (\)=0(1) (A^A ), AoGa+UafUpf 

n 



l/±(A) x (A - ) (A-0f), j = l,...,N?, 



u ± (\) = o(i)\x-ej\^ (x^ej), j = i,...,jv^, 

C/ ± (A) = 0(|A - Aor 1 / 4 ) (A - A ), A G ({±^}f=o U {±^}f =1 ) \ {±r,}f =0 
[4(A) = o(|A - Ad 1 / 4 ) (A - Ao), A G ({±^}f =0 u {±^}f =1 ) n {±r,}| 
U T (X) = 0(\X- A0I 1 / 4 ) (A - A ), Ao G ({±^}f=o U {±^}f =1 ) n {±t,}J 



iV 



iV 



(7.26) 
(7.27) 
(7.28) 

(7.29) 
(7.30) 
(7.31) 



Therefore, fi® G £ 2 oc ( R ) and ^ G £ 2 oc (M). Combining this with we get 



Let w±(i) be defined by 



ej-t 



□ 



w±(t) 



N = 



mt-ef) 



3=1 



n(A-c/) i/2 
3=1 



S(±t) N± 
3=1 



n(A-(c;-^i)) i/2 
3=1 



Let us check conditions (|6.13|) . f)6. 14j) . and ()6.15|) . 

Since all the points 9^, (J belongs to pf(= R \ supp cE ac ±), formulae ()7.7jl - (|7.1ip imply 

Lemma 7.8. Condition (j6.14j) is fulfilled, i.e., the weights w + and W- satisfy the (A2) condi- 
tion. 

We give two proofs of this lemma. The fist proof is based on the Hunt- Muckenhoupt- 
Wheeden theorem, the second on the Helson-Szego theorem. Note that fUl Theorem 4] can be 
used also. 
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Proof 1 of Lemma 1~B . It is clear that all the conditions of Proposition 12.91 is fulfilled for the 
functions w±. Thus, w± G (A 2 ). □ 

Proof 2 of Lemma 1~B . The Helson-Szego condition (see ([2.34)) ) is equivalent to the (A2) con- 
dition. Let us prove that condition ()2.34j) is satisfied for w + . 
Obviously, 

n i* - a i i/2 n \t - w - iei)\ n i* - (cr - ^)\ 1/2 



w + {t) = — . (7.32) 



n i^-Aoi 1 / 2 u\t-g\ i/2 

Consequently, 



log «;+(*) = ~ £ log |* - A | + jSog \t - (0+ - z£i)|- 



+i^log|t-(Cr-ie 1 )|-^ J2 log |t - A 

j=1 Aoett^^u^.}^)^}^ 



2 

where 7i is the Hilbert transform (see Subsection 



lj2log\t - (r\ = (Hv + )(t) + Cl , (7.33) 



1 1 ~ 

u +(*) = 9 /J arg(t - A ) + - ^ arg(t - 



2 ^ ov u/ 2 

Ao6({L}^U{L}^)\{^}J 



1 

arg(t - A ) - 2J ar g(* - (^ + - 



2 



ivni-/,'; ijv, I/' liVN i- 1 



1 ~ 
-^$^arg(t- (C/ -iei)); 



2 

i=i 

here ci is a constant, the branch of argz is fixed by argz G (— 7r, 7r], 2 G C. 
The function v + is bounded and piecewise smooth; the set of jumps of v + is 

u {^}f u {<f}^ . 

The absolute values of all the jumps are equal to tt/2. Moreover, 

1 1 / 
v+{t) x arctan - x — (t — > +00), 

50 



, . 7T 11. . 

v+(t) + — x arctan — - x — [t — > — oo), 

monotonically increases on t G (—00, p ) and (/tjy, +00). Therefore, t>+ can be represented 
in the form 

v + (t) =v 1 (t) + v 2 (t)-n/A, 
where v\ is a piecewise continuous function such that 

|h(t)|U~ <tt/2, (7.34) 

f 1 has jumps at the points {p>j}o U {}i>j}i U {C/}i C ? 
t> 2 is a C 1 function on R such that 

v 2 (t) = fort^[/i -5 2 ,/ t7V + (5 2 ]; (7.35) 

here <5 2 is a specified positive number. 
From dZ23), we get 

Offv 2 )(t) x -> 00) . 

It follows from t> 2 G C 1 (R) that t> 2 G Lip a (X) for any compact interval X C R and for 
any a G (0,1). If we combine this with Privalov's theorem (see jHE]) and IJ7.35J) . we get 
HV2 G Lip a (X), < a < 1. Hence, Hv 2 is a continuous function on R and 1)7.35)1 imply 
Hv 2 G L°°(R) . Taking into account l|T33|) . we get logw + (t) = (ifwi)(t) + (Hv 2 )(t) + c u 
where ||wi||l°° < 7r /2, iit> 2 + Ci G L°°(R). That is w + satisfy the Helson-Szego condition. 
The condition (J6.14)) is proved for w + . In the same way we prove ()6.14)) for u>_. □ 

Lemma 7.9. Let Statement (Hi) be true. Then condition ()6.15)) is fulfilled, i.e., 

w±(t) y h iu±(t) y J 

Proof. Note that 

w+\t) x \t\- 1/2 (\t\ -> 00). (7.36) 
It follows from (17^41 . (|r2Ejl - lfTBI|) . ljT32t . Statement (iii), and (TTTBl that 

£/J(t)w+ 1 (t) G L°°(R) and 

f/!(tK 1 (t) = o(i) (t-to) 

for t e {-00} U {+00} U U of U a+ U {^j^ U {^}f . (7.37) 

Note that 

R \ ( Pr U o- x U at U U ) = U ) n tf. (7.38) 



51 



If Ao is a generalized zero of M + (A) — M_(A) and Ao G ({— A*j}q U { — hj^i) ^ Pi") the definition 

of the set {C^li C imply that Ao G {C, r }i C an d the generalized order of Ao equals 1/2. Thus, 
by (|7.15jl and the definitions of w + , £/_, we have 

u 2 _(t)w-\t) = o(i) (*->*,), toG({-^.} v u{4 J }f)np+. 

Taking into account ()7.37|) and (|7.38jl . we get 

Ul{t)w+\t) G L°°(R). 

One can prove U±(t)wZ (t) G L°°(R) in the same way. Thus (j(115|) is proved. □ 

Let Of be a point of the set {0^}f e . Let Z)^ be a sufficiently small neighborhood of 9f 
such that 

^ n u {±£j* u {±^}f ) = 

Put 

17* - V^SS wh e re u±(X) - " - " - (7 39) 

^ - M 2 (A) ' 6 6 tt «W- 5(±A) ^ _ ■ l^ y J 

n(A-(c;-^i)) 

We define t/f as t/f := C^= for all j = 1, ... , Nf. 
Lemma EH] imply that Uf G 7V + (C+). 



Lemma 7.10. Let Statement (Hi) be true. Then conditions f)6.16jl . (|6.17|) . and (|6.18|) are 

fulfilled. That is, for every Of G {0^}i° , the following conditions hold: 

\M + (X)-MJXW Im W^X ^ C ' ;PHX)l2 M XeD t nC +' 



' < C e M /or A G Df fl C + , 



|0f-A| |M+(A) -M_(A)| 
where Cg and Cj} 4 are constants. 
Proof. Note that 

M 2 (A) x M + (A) -M_(A) (A->0f) 
Therefore (jfi.lfij) is equivalent to 

1 

fff - A 



Im^- <Ci|^(A)| forAG J DfnC+. (7.40) 
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By dZJED and fTT^ . it follows that 0J= £ {C^}i C • Taking into account (j£3gP and Q, we 

see that uf(X) has a pole of the first order at 9f. This implies f!7.40|) . Thus (j6.16|) is proved. 
Lemma f)7.9|) and the definitions of m ± and imply that 

|f/e+(t)|2 <C 2 fortGM\|J J D+ . (7.41) 



\w ± (t)\ 



k=l 

Hence, to check condition (jbM7j) for Ug, it is suffices to show that 

\^1L<C 2 forte£>+ k = l,...,N+. (7.42) 
\w±{t)\ 

It is easy to see that 

M 2 (A)x(A-0±)-\ u±(A) x (A - Of )-' (t->9±) (7.43) 

Combining these formulae, we obtain ()7.42|) . Thus ()6.17|) for Ug~ is proved. The proof of (j6.17|) 
for Uq is similar. 

Condition (jHHED follows from fZ3H| - □ 

Since all the conditions of Theorem Id 31 are fulfilled, we see that A ess is similar to a selfadjoint 
operator. Theorem 16.31 is proved. 



7.3 Examples 

Let L = —d 2 /dx 2 + q(x) be a Sturm-Liouville operator with a finite- zone potential q. Put 

A := JL = (sgnx)(—d 2 /dx 2 + g(x)) . 

Definition 7.1. We shall say that a point a e a ess (A) U oo is a strong spectral singularity of 
A ess if at least one of the following two functions 

M + (t) - M_ (t) ' M+ (t) - M_ (t) 

is not essentially bounded in any neighborhood of a. 

By Theorem 17. 2[ y4 e <j S is similar to a selfadjoint operator if and only if A ess has no strong 
spectral singularities. Combining Theorems 17.21 and 17.11 we see that A is similar to a normal 
operator if and only if the following two conditions hold: 

1) A ess is similar to a selfadjoint operator; 

2) all eigenvalues of A disc are simple. 

By L(£, q) we denote the Sturm-Liouville operator with a finite-zone potential q(x) + £, 

L(£,q) := -d 2 /dx 2 + q(x) +£, 

where £ is a real constant. Put 

A(f , g) := JL(£, g) = (sgn x) (-d 2 /rfx 2 + q(x) + f) . 
Let A ess (^, qi) be the part of gi) on fj e . 
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Example 7.1. Consider the following periodic one- zone potential 

q 1 (x) = (l-k 2 )(2sn 2 (x,k , )-l), k G (0,1), k' = Vl - A; 2 , (7.44) 

where sn(x, fc') is the Jacobi elliptic function. Then q±) is a one-zone periodic operator; 
L(£, qi) has the gaps (— oo, £) and (A; 2 + £, 1 + £). 

The corresponding Weyl functions M±(A) has the forms 

M+(A) = -M_(-A) = i — A ~^ + 1 ) < A: 2 < 1, 

v/(A-0(A-(e + fc 2 )) 

(see j2l Appendix II]). Theorem 17.21 imply that A ess (£,qi) is similar to a selfadjoint operator if 
and only if 

£ G [-1,-A; 2 ] U [0,oo). 
Note that for £ G [—1, — k 2 } the operator L(£, gi) is not nonnegative. If 

£ G (-1 + v / T 3 A? 2 , -1 - VT^P), 

then gi) has exactly two eigenvalues 

these eigenvalues are simple and nonreal. For sufficiently small £ > 0, the potential qi(x) + £ 
is not nonnegative, although L(£, gi) > 0. 

Spectral properties of A(£, q\) are given in more detail in the following table. The abbrevi- 
ations 'S-A' ('Norm') in the column 'Similarity' means that A(£, qi) is similar to a selfadjoint 
(normal) operator. 'NonSim' in the column 'Similarity' means that q{) is not similar to a 
normal operator. We put A±(£) := ±a/ (£ + l) 2 — (1 — k 2 ). 



Spectral properties of the operator A(£, q^ 



Intervals 


Strong 
spectral 
singularities 


Eigenvalues 


Similarity 


£e [0,+oo) 


No 


A±(0 


S-A 


ee(-f,o) 





A±(0 


NonSim 


£ 2 





No 


NonSim 


£G(-l + Vl-A; 2 ,-f) 


0, A±(0 


No 


NonSim 


f = -1 + VI- A; 2 





No 


NonSim 


£ G (—A; 2 , — 1 + Vl — k 2 ) 





A ± (0 


NonSim 


£e[-l,-k 2 ] 


No 


A±(0 


Norm 


ee( _l_Vl-F,-l) 





A±(0 


NonSim 


£ G -1 - Vl - k 2 





No 


NonSim 


£G (-oo, -1 - Vl - A; 2 ) 


0, A±(0 


No 


NonSim 



Table 01 
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Remark 7.1. Example 17.11 shows that condition ()5.21|) is not necessary for similarity of A to 
a self-adjoint operator. Let us explain this. 

Let £ > 0. Then A(£, qi) is similar to selfadjoint operator, but the function — , 

A G C + , is unbounded in neighborhoods of the eigenvalues A± := ±a/(£ + l) 2 — (1 — k 2 ). 
Indeed, the functions M± are holomorphic in points A± and A± are zeroes of M+(-) — M_(-). 
On the other hand, it is easy to check that 

M+(A+) < 0, M_(A+) < 0, M+(A_) > 0, M_(A_) > 0. 

Therefore, M+(A±) + M_(A±) ^ 0. 

Example 7.2. Consider even periodic potential 

q 2 = -2k 2 (l-(l-k 2 )sn 2 (x,k')y l + l + k 2 , fee (0,1), fc' = v 7 ! 3 ^. 

The operator L(£,g 2 ) is a one-zone operator with gaps (— oo,£) and (/c 2 + £, 1 + £). The 
corresponding Weyl functions M±(A) have the forms (see Appendix II]) 

A-(£ + fc 2 ) 



M+(A) = -M_(A) =i 



\/(A-£)(A-(£+l)) ' 



o < r < i. 



The operator A(£, 52) has no eigenvalues for all ^el. Hence, A ess (£, q 2 ) = A(£, #2)- 

Let < k 2 < |. Using Theorem 17.21 we get the following result: The operator A(£,q 2 ) 
is similar to a selfadjoint operator if and only if £ G [— |, — k 2 ] U [0, 00). The following table 
describes spectral properties of A(£, q 2 ). 

Spectral properties of A(£, 92), the case k 2 G ( 0, 1/2] 



Intervals £ 


Strong spectral singularities 


Similarity 


£e [0,+oo) 


No 


S-A 


£g(-P,o) 





NonSim 


£g [-±,-fc 2 ] 


No 


S-A 


£e[-l,-f) 


±V(£ + k 2 ) 2 + k 2 (l - k 2 ) 


NonSim 


CG (-oo,-l) 


0, ±y/(£ + k 2 ) 2 + k 2 (l-k 2 ) 


NonSim 



Table 02 

Assume k 2 > |. Then A(£, g 2 ) is similar to a selfadjoint operator if and only if £ > 0. 
That is A(£, g 2 ) is similar to a selfadjoint operator iff L(£, g 2 ) > 0. The following table gives a 
description of spectral properties of A(£, 52) in this case. 

Spectral properties of A(£, 52), the case /c 2 G ( 1/2, 1 ) 



Intervals 


Strong spectral singularities 


Similarity 


£G [0,+oc) 


No 


S-A 


£e[-i,o) 





NonSim 


£G(-fc 2 ,-|) 


0, ±^/{£ + k 2 ) 2 + k 2 (l-k 2 ) 


NonSim 


£G[-l,-fc 2 ] 


±^(C + k 2 ) 2 + k 2 (l-k 2 ) 


NonSim 


£g (-00,-1) 


0, ±v/(£ + A; 2 ) 2 + A; 2 (l-A; 2 ) 


NonSim 



Table 03 
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Example 7.3. Let g 3 be potential ()7.44j) with k 2 = 1/2. Let £ G [-1, -1/2). Then, combining 
Example 17.11 with Theorem 12.11 we see that A(^,q 3 ) is not definitizable, although A ess (!;,q 3 ) 
is similar to a selfadjoint operator and A(£, q 3 ) is similar to a normal operator. The nonreal 
spectrum of g 3 ) consists of two simple eigenvalues A±(£) := ±a/ (£ + l) 2 — (1 — k 2 ). The 
operator A(£, q 3 ) has no real eigenvalues. 
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